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A numerically stable constrained optimal filter design
method for multichannel active noise control
using dual conic formulation

Yongjie Zhuang (» and Yangfan Liu®
Ray W. Herrick Laboratories, Mechanical Engineering, Purdue University, West Lafayette, Indiana 47907, USA

ABSTRACT:

In practical active noise control (ANC) applications, various constraints are usually required, for example, the
disturbance enhancement constraint, the robust stability constraint, and the controller output power constraint. One
commonly used approach for designing a constrained ANC filter is to formulate a constrained optimization problem
using an H,/H, framework, which requires significant computational power to solve. Recent work has shown that
such an ANC filter design problem can be reformulated into a convex optimization problem and then further
reformulated to a cone programming problem to reduce the required computational time by several orders. However,
the standard cone programming reformulation procedure leads to a large number of free variables, which, in many
applications, can adversely influence the numerical behavior of the optimization algorithm. In the current work, the
ANC filter design problem structure is exploited in its dual conic form, which allows an elimination of free variables
and can result in a numerically more stable solving process for the filter design problem while keeping the noise
control performance unchanged. It is demonstrated that when compared with the reformulation using the standard

procedure, the proposed formulation significantly improves its numerical stability and computational efficiency.
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I. INTRODUCTION

For the past several decades, the computing capability
of the digital controller hardware and signal processors
(DSP) has improved rapidly, which enables a wider range of
possible applications for active noise control (ANC), such as
headrests,' automobiles,*> magnetic resonance imaging
(MRI) equipment,® ventilation windows,”® etc. One of the
challenges of practical ANC products is that multiple types
of constraints, such as the robust stability constraint, the
controller output power constraint, the disturbance enhance-
ment constraint, etc., need to be considered when designing
the ANC filters.” For example, the robust stability constraint
is needed to ensure stability and performance when manu-
factural uncertainties or uncertainties in operating environ-
ments are considered. And the filter output power constraint
is needed to ensure transducers operate in the linear
response range or for power consumption considerations.

This article focuses on the constrained optimal filter
design where the filter coefficients are not adaptive. For
some commercialized products in which the primary path
does not change significantly over time, such as ANC head-
phones, a fixed-coefficient controller is becoming the de
facto approach'® because of its low real-time computational
complexity. Fixed-coefficient controllers are especially pre-
ferred and when a large number of channels and high filter
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orders are required, the computational requirement to realize
the adaptive control can either exceed the capability of cur-
rent on-market signal processing hardware or lead to an
unrealistic cost for a commercialized product.'' In some
applications, it is also difficult to install error sensors for
adaptive algorithms, e.g., in the active mitigation of noises
transmitting through open windows.'>™'* The use of adap-
tive algorithms may be superior compared with nonadaptive
algorithms when the environment is time varying. However,
the nonadaptive filters can be used for time-varying environ-
ments by switching between different pre-trained fixed-coef-
ficient filters such as the selective fixed-filter ANC.'?
Furthermore, when new types of sensors or control sources
are being introduced in ANC technologies, optimal non-
adaptive filters are usually used to give an evaluation of the
best achievable performance (i.e., the nonadaptive optimal
control performance), for example, the introduction of vir-
tual sensing technology,'®!” the use of secondary multipole
sources,'®!®  the incorporation into  beamforming
approach,® etc.

Various methods have been developed to design a con-
strained ANC filter. One of the most commonly used
approaches is to introduce a regularization term in the filter
coefficients optimization process,” which minimizes a
weighted sum of the residual error signal power and the
power of the ANC filter response. The widely used leaky
LMS algorithm relies on this principle but is implemented
in an adaptive control process. Besides a trial and error
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tuning, methods to choose an appropriate leak factor have
been proposed in previous studies for one particular type of
constraint, such as the output power constraint,”' > the dis-
turbance enhancement constraint,%’27 or the robust stability
constraint.”*** However, the noise control performance may
be degraded when multiple types of constraints are
required®®*' because the satisfaction of one constraint usu-
ally leads to an over-satisfaction of other constraints.
Another commonly used approach that can prevent over-
satisfaction of constraints and usually results in better noise
control performance®™?! is to formulate a constrained opti-
mization problem for the ANC filter design using an H, /H,
framework and solve it using the sequential quadratic pro-
gramming (SQP) or similar algorithms.>*® This approach
has been further developed and applied to active control of
the interior road noises in vehicles.® However, the required
computational power is significant, especially when the
channel count, number of filter coefficients, and number of
constraints are large. The long computation time makes this
filter design method difficult to implement in practical appli-
cations that require filter adaptation. Even when nonadaptive
filter structures can be used, such significant computational
requirements will likely lead to an unacceptable cost and
time in the design phase of a commercialized ANC product
as many prototype trials usually need to be performed in the
product design phase.

Recently, Zhuang and Liu*® proposed a convex formu-
lation based on the traditional H,/H., formulation for the
ANC filter design, which can be further reformulated as an
equivalent cone programming formulation. Efficient optimi-
zation algorithms can then be applied to significantly
improve the computational efficiency and reliability. Their
results demonstrated that the computational time can be
reduced from the order of hours to seconds with various
numerical benefits. However, the standard procedure to
reformulate the convex formulation into a cone program-
ming formulation®’ = leads to a large number of free varia-
bles,40’41 which, in many applications, can adversely
influence the numerical behavior of the optimization algo-
rithm. The numerical stability of an algorithm, i.e., the abil-
ity to converge to an optimal solution when the algorithm is
implemented numerically, is an important consideration
aside from the computational efficiency. A preliminary
investigation by Zhuang and Liu*' has further demonstrated
that different treatments to the free variables in the reformu-
lated cone programming formulation combined with the
dual formulation can influence the numerical stability of the
optimization algorithm in the solving process. Thus, proper
alternative rearrangements and reformulations concerning
the dual formulation and free variables can potentially
improve the algorithm’s numerically stability.

In this article, a more numerically stable and efficient
ANC filter design method based on the previous work of
Zhuang and Liu®° was proposed. The convex formulation
for the ANC filter design proposed in the previous work>® is
first reformulated into the cone reformulation using the stan-
dard procedure. Based on the cone formulation from the
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standard procedure, the proposed numerically stable cone
formulation is derived by exploiting the sparsity pattern and
using the dual formulation techniques, which results in a
more compact formulation with smaller problem dimen-
sions. The free variables that adversely affect the numerical
stability can also be eliminated in the proposed formulation.
The results demonstrate that compared with rearranging
using standard procedure, the proposed formulation
improves the numerical stability and computational effi-
ciency significantly.

Il. THEORY

In this section, the general structure of a multichannel
ANC system is described along with the convex ANC
design problem formulation.*® The further reformulation
into a cone programming form using the standard method is
introduced, and the associated numerical instability issues
caused by free variables in this formulation are also dis-
cussed. Then, the proposed dual form method is described in
which the numerical issue can be effectively alleviated by
eliminating the free variables and reducing the problem
dimension. The formulations in this section are presented in
the context of feedforward control, but it is noted that the
identical approach can be applied to feedback controller
design with the application of an internal model

stru(:ture.5’3'0

A. Review of the H,/H.. framework and associated
convex formulation

The multichannel ANC system structure and associated
formulations are adopted from the previous work of Zhuang
and Liu™® and reviewed in this section. The system block
diagram is shown in Fig. 1(a), where N, microphones, N
loudspeakers, and N, microphones are used as reference sen-
sors, secondary sources, and error sensors, respectively. In
the control diagram, X denotes the noise signals from the
primary noise sources at reference sensor locations; T
denotes the reference signals measured by the reference sen-
sors, which include sound from the primary and secondary
sources; ¥ denotes the output of the controller H; &e denotes
the disturbance signals; € denotes the sum of the primary
and secondary sound fields at error sensor locations whose
total power is attenuated by the ANC system; and Gy,
denotes the acoustic feedback path matrix (the path where
the sound generated by secondary sources propagates to the
reference sensor locations). To eliminate the acoustic feed-
back path effect on the ANC filtering process, an internal
model control (IMC) structure is used in the controller
H,>** where GSO is a model of the physical feedback path,
G;,. In the current work, GSO is assumed to be a perfect
model when operating in a nominal working condition, and
the estimated noise signals, X , will be the same as the actual
primary noise signals, X. Thus, this system becomes a stan-
dard feedforward system, which is shown in Fig. 1(b). G,
denotes the acoustical responses matrix of the secondary
sources at the error sensor positions, and W, denotes the
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FIG. 1. The block diagram of a MIMO (multiple-input multiple-output) feed-
forward active noise control system showing (a) with the acoustic feedback
path and internal model structure and (b) in a standard feedforward form
when assuming internal model structure perfectly cancels the acoustic feed-
back path effect (Ref. 30).

frequency response matrix of the multichannel ANC filters.
In this work, the finite impulse response (FIR) filter structure
is used for each input-output channel in W,; thus, each ele-
ment of W, is a linear function of the FIR filter coefficients,
W, such that>°

=T

W, (f) =F_ (f)Wr,,, (1)

where

—

F.(f)=[1 e W5 2w @) e P N=D/R]T

f denotes the frequency, and f; denotes the sampling fre-
quency. W, expresses the ith row and jth column of the fre-
quency response matrix, W,, and T denotes the matrix
transpose operation. Each Wp,, is a column vector that
includes the N, ANC FIR filter coefficients associated with
the ith output and jth input channels.

The multichannel ANC filter design problem can be for-
mulated as a constrained optimization problem using the
convex H,/Ho framework, >’ which is a convexified formu-
lation from the work of Cheer and Elliott,”

Nf Nf
minimize W' [ 3" A/ (f) | W+ b (fi)w, (2a)
k=1 k=1
subject to W' A, (fi)W + by (fi) W + ¢, (fi) <0,  (2b)
T N
¥, (f)W,ll, — Cijlfie) <0, (2¢)
H
max (i (A+2A5>> —(1—¢) <0, (2d)
max(a(Ay))B(fi) — 1 <0, (2e)

for all of the frequency components of interest, f;, and all of
the channels (indexed by i and j). The objective function,
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Eq. (2a), is the total power of error signals across all of the
desired frequencies, where w is a vector constructed by
stacking FIR filter coefficients of all of the channel pairs,
i.e., stacking w Fij with all of the i-j combinations into a sin-
gle vector. Thus, the elements in W are the variables that
need to be found by solving the constrained optimization
problem. To list more details of the above formulation,

A =R ((G7 ()G () 28T (h) @ (F (h)F. (7)),
by () =2% (vee  (Su. ()G () @ F-()) ),

T
- T LT T T
W= |:WFI.I WFI,N,~ WFzAl WFNSAN, :| )

where H denotes the complex conjugate transpose operation,
® denotes the Kronecker product, * denotes the complex
conjugate operation, and vec( ) denotes the vectorization
operation that converts a matrix to a vector by stacking the
columns of this matrix;*? S.c(fi) and S 4. (fi) are the cross-
spectral density matrices of X and d.. respectively, at fre-
quency fi; Su,(fr) is the cross-spectral density matrix
between the primary noise signals, X, and the disturbance
signals, d,, at frequency f; and () denotes the real part of
a complex number (or matrix).

For constraints, Eq. (2b) is applied to prevent large
enhancement at some frequency band (in some frequency
bands, the resulting noise may be higher than the original
level after active control due to the effort to reduce the noise
level in other bands), where

¢r(fi) = t(Sa.a, (fi)) (1 — Ac(fi),

and A,(f) is specified as the upper bound of the enhance-
ment ratio of error signals at frequency f;. Equation (2c) is a
constraint on the amplitude of the ANC filter response for
each channel, W, (f;), to ensure that the loudspeakers
should operate in its linear response range, where C;(fi) is
the required upper bound on the amplitude of filter wg,; at
frequency fi. Because of the use of IMC structure, Egs. (2d)
and (2e) are applied to ensure the stability and robustness of
controller, H, respectively, where

As = _Wx(fk)GSU (fk)7

A() and ¢( ) denote the eigenvalues and singular values of a
matrix, respectively, and B(f;) is the upper bound on the
output multiplicative plant uncertainty at frequency f;. More
details on this convex formulation can be found in the work
by Zhuang and Liu.*

B. Reformulation into cone programming using
standard procedure

In the previous study,*® it was shown that the computa-
tional efficiency in solving the ANC filter design optimiza-
tion problem can be significantly improved if the above
convex formulation, Eq. (2), is reformulated into an
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equivalent cone programming problem and solved by
primal-dual interior-point algorithms that were designed for
cone programming. To perform this conic reformulation,
some rearrangements of the formulation are needed to trans-
form the problem to a standard semidefinite-quadratic-linear
programming (SQLP) problem** (sometimes also referred to
as a mixed semidefinite and second-order cone optimization
problem®*). This standard SQLP form is especially necces-
sary if general cone programming solvers, such as
SeDuMi,””** SDPT3,%*** or MOSEK,* are used. In gen-
eral, the standard SQLP problem is expressed as

minimize (€)%’ 4 (¢1)7%7 + (¢°)"%",

subject to A'X’ + AIX? + A’K® = b,
X e, Xek?, X ek, 3)

where ?R’j is the nonnegative orthant with dimension &,
K7 =K{x---x KZq is a Cartesian product of k, second-
order cones (sometimes also referred to as Lorentz cones)
such that

K ={(0X) e RxR"""|y > ||}, @

and K* = Ky x --- x K} _is a Cartesian product of k; vectori-
zations of positive semidefinite (PSD) cones,

K = {vec(x) € R X € RV is PSD}. )

Due to diverse mathematical characteristics of the
expressions in Eq. (2), different reformulation treatments
need to be followed to accomplish the conic reformulation.
The objective function, disturbance enhancement constraint,
and filter response magnitude constraint are reformulated
into second-order cones because they are quadratic func-
tions in essence. Those quadratic functions are linearized by
replacing the second-order terms with introduced additional
variables. To ensure that the reformulated objective function
and constraints are equivalent to the original convex formu-
lation, the introduced variables are constrained by second-
order cones related to the second-order terms in the original
quadratic functions. The reformulated functions are further
rearranged into the standard SQLP form as in Eqgs. (A4),
(A7), and (A10) (a detailed description of this reformulation
process can be found in Appendix A).

The stability constraint and robustness constraint are
reformulated into PSD cones because they involve con-
straining the maximum eigenvalues or singular values of
some matrices. Those reformulations are also equivalent,
and the reformulated functions are further rearranged into
the standard SQLP form as in Eqs. (B7) and (BS8) (a detailed
description of this reformulation process can be found in
Appendix B).

Finally, the constrained multichannel ANC filter design
optimization problem, Eq. (2), can be reformulated in a stan-
dard SQLP form by combining Egs. (A4), (A7), (A10),
(B7), and (B8) such that
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minimize [ @) €)' }

A -
subject to [A B]l_,] =b,
X
w e RV X €K, (6)

where X is a concatenation of X, in Eq. (A4), X;, in Eq.
(A7), X2 in Eq. (A10), X34 in Eq. (B7), and X4 in Eq.
(B8) for all k and /, €, is a sparse vector whose first element
is the only nonzero element with a value of one, A is
obtained by vertically concatenating Ag, Ay, Azjx, Asy,
and Ay for all k and /, B is a sparse block diagonal matrix
obtained by diagonally concatenating Bg, By, By, B3y,
and By, for all £ and /, b is obtained by vertically
concatenating 50, l_)'],k, l_)'zl,/‘k, l_)'_;yk, and 54,/( for all k and /[,
and K is a Cartesian product of all associated cones (a
detailed expression for these constant matrices and vectors
can be found in Appendixes A and B).

The cone programming problem specified in Eq. (6)
can be directly solved by solvers with primal-dual interior-
point algorithms designed specifically for cone program-
ming, e.g., SeDuMi,*’** SDPT37*** or MOSEK.*
However, in the practical ANC applications, where the
number of frequencies of interest is much larger than the
order of filters, the number of additionally introduced vari-
ables, X, is much larger than the dimension of w, which
enlarges the problem size significantly. Also, the definition
of cone programming, Eq. (3), shows that no free variables
(i.e., the variables that are not in any conic constraints) are
allowed, whereas w in Eq. (6) is a set of free variables.
Although various approaches can be used to convert free
variables to variables constrained by conic constraints,
numerical behavior may be degraded due to these addi-
tional redundant constraints.>’>® A previous study by
Zhuang and Liu also demonstrated the numerical stability
issue associated with the free variables in ANC applica-
tions.* In a 4-input-2-output ANC system with filter order
128, the number of free variables w in Eq. (6) is 1024, and
such a large number of free variables can cause severe
numerical instability issues. Thus, the direct use of Eq. (6)
may not converge to a satisfactory filter coefficients solu-
tion or even fail to give a solution,41 and these numerical
issues will be demonstrated in the simulation results sec-
tion (Sec. III).

As a physical interpretation, the free variables in ANC
application come from the fact that most of the constraints
on filter design are applied in the frequency domain instead
of directly on the filter coefficients. By using the standard
procedure, redundant variables and constraints have to be
introduced, which, although equivalent in theory, causes the
numerical stability problems in practice. In Sec. IIC, an
improved formulation is proposed to eliminate those redun-
dant variables and constraints to prevent numerical
instability.
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C. Proposed numerically stable cone formulation

In this section, the problem structure is further exploited
and simplified via dual formulation to achieve better numer-
ical stability when common cone programming algorithms
are used to solve this problem. The goal of the proposed for-
mulation is to eliminate the free variables and reduce the
problem formulation dimension because they both contrib-
ute to the abovementioned numerical stability issues.

For a convex conic formulation (usually referred to as the
primal problem), there exists a dual conic problem. The varia-
bles of the primal problem are associated with the constraints in
the dual problem and, similarly, the variables of the dual prob-
lem are associated with the constraints in the primal problem.
The optimal objective function values for the primal and dual
formulations are the same. Although, mathematically, solving a
dual problem has the same computational complexity as solving
a primal problem. In the following derivation, it is shown that it
will be easier to exploit the sparsity patterns and simplify the
formulation if a dual formulation technique is applied.

1. Derivation of proposed cone formulation via dual
formulation technique

First, in Eq. (6), it is noted that ¢, has only one nonzero
element because only 7, appears in the objective function. One
introduced new variable that is equal to #, can be appended to
the end of w. After this groups, this vector is referred to as w.
Equation (6) can then be reformulated equivalently as

=2 \T=

minimize(c,) W,

subject to [A ﬁ]

® Sy

| F—
Il
=ab1}

w e RVMNH R e K, 7)

where

2 Cy = |0 ~ |0 —1 = |10
e s N N

Reformulation to Eq. (7) has two benefits compared with Eq.
(6): (1) variables that are being constrained by cones no longer
appear in objective function directly, which is a key step to
allow simplification described later in this section; and (2) the
added one row, [I 0], to B makes B a square block diagonal
matrix with each block being square. It can be further noticed
that all blocks in B are invertible and well conditioned, which
suggests that B is always mvemble and well conditioned,
whereas calculating B 'Aand B b does not require extra
computational effort (see Appendix C for details). With the
inverse of ﬁ, Eq. (7) can then be formulated as

. 2 \T=
minimize(¢,,)" W,

Tl
| — |
Il
[==H

I
Ty

subject to {]}711& 1}[
§ €
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Xek. )

It is noted that w is the variable vector containing the ANC
filter coefficients and one dummy variable. By noting that
the cones in Eq. (8) are all self-dual cones, then the dual for-
mulation of Eq. (8) jg7:38:4445

minimize — (ﬁill:)i)Ty',
. B'a) |, [a] _[e
subject to y+1_ | =1"1,
7 0
)_"E%m7 21:0, ZQEK, ©)

where ¥, Z;, and Z, are the dual variables associated with
equality constraints, free variables, w, and conic constraints,
respectively, in Eq. (8), and m is the row number of B. It is
noted from the lower portion of the equality constraints in
Eq. (9) that ¥ = —Z, (this is the direct result of the first ben-
efit mentioned above), and by further substitution of zZ; = 0
back into the equality constraints, Eq. (9) can be simplified
by eliminating Z; and Z5:

b) (),

") (§)=-&. (§ek

<y

minimize(B

subject to \B (10)
Equation (10) is the proposed simplified formulation.
Because the dimension of the problem is greatly reduced
and no free variables are involved in this formulation,
numerical stability can be significantly improved when stan-
dard cone programming algorithms are used to solve this
problem.

2. Obtaining filter coefficients from proposed cone
formulation

It is noted that Eq. (10) does not have filter coefficients as
its variables explicitly. Instead, the filter coefficients are the
dual variables associated with equality constraints of Eq. (10)
if Eq. (10) is treated as a standard primal SQLP form with —y
as primal variables. When primal-dual interior-point algo-
rithms are used for this simplified problem [Eq. (10)], the dual
variables associated with the optimum primal variables can be
exported without extra computational effort because the dual
solution is calculated along with the primal solution,*’-%4443
This means that although the problem formulated in Eq. (10)
is not directly based on ANC filter coefficients, the optimal fil-
ter coefficients are indeed direct results of common primal-
dual cone programming algorithms.

To show the relationship between filter coefficients, v:s;,
and the proposed formulation, Eq. (10), rewrite Eq. (8) as

maximize(—C, )T W
subject to ( ) +X=B b,
w e RVNNAL g e K (11)

Equation (11) can be treated directly as a standard SQLP
dual form of another primal problem, where w and X are the
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TABLE I. A comparison of problem dimensions using different formula-
tion methods.

Method 1
Method 1 Nonnegative
Lorentz cones variables Method 2
Primal variables m + N.NgN; + 1 m + 2N,.N;N, m
Equality constraints m m N,N;N, + 1
Inequality constraints m+ N.N;N; + 1 m + 2N,.N,N, m

dual variables associated with equality and conic constraints

in that primal problem, respectively. Then it is easy to

obtain the associated primal form as®’ %444

minimize(fflf))Té'7
T .
subject to ( 1A) S =—c,,
SEK, (12)

where § are the primal variables associated with the equality
constraints in Eq. (11). By a change of variable, § = —y, it
can be shown that Egs. (10) and (12) are exactly the same.
This derivation shows the relationship between ANC filter
coefficients and the dual variables clearer when described in
Eq. (11) compared with the former derivation. This means
that when Eq. (12) [or Eq. (10)] is treated as a primal form
and solved by common cone programming algorithms, the
optimal dual variables associated with equality constraints
in Eq. (12) [or Eq. (10)] will be the optimal ANC filter coef-
ficients. Because of the primal-dual properties of common
cone programming algorithms, obtaining the optimal dual
variables does not cause any extra computations compared
with only obtaining the optimal primal variables.®”**4+4>

3. Analysis of proposed cone formulation

To explain why Egs. (10) or (12) (referred to as
“method 2”) is a more preferable way to calculate the opti-
mal ANC filter coefficients compared with Eq. (6) (referred
to as “method 17), the dimensions of the two problem for-
mulations are compared in Table I. It is noted that the num-
ber of variables and constraints are considered because

when solving the primal problem using primal-dual interior-
point algorithms, the dual problem is solved at the same
time along with the primal problem. The dimension of the
dual problem variables is determined by the number of con-
straints for the primal problem.?”-3*#*43 p; is the summation
of the dimensions of all of the cones, which is usually much
larger than N.N;N;. In the column of method 1 in Table I,
there are two possible dimensions because of different treat-
ments of free variables, w (i.e., the free variables can be
either placed inside a Lorentz cone or converted into the dif-
ference of two nonnegative variables).*' By comparing the
problem dimension of two different methods, it is obvious
that method 2 has a much smaller dimension than method 1
(e.g., for one of the cases in the simulation result Sec. III, m
is around 2 x 10* while N,N,N, is around 103). Therefore,
the optimization problem obtained by method 1 has redun-
dant constraint information and large sparse patterns which
may not be well exploited by the standard algorithms in
solvers. The existence of free variables, W, in method 1 may
also compromise the numerical behavior,37’38’41’44’45 and
those free variables are eliminated by using the method 2. In
Sec. III, experimentally measured data will be used to con-
firm that using method 2 has a better numerical behavior
and higher computational efficiency compared with using
method 1.

The procedure of implementing method 1, i.e., the cone
formulation using standard procedure, and method 2, i.e.,
the proposed formulation, is shown in Fig. 2. It is noted that
because of the use of primal-dual interior-point algorithm,
the optimal primal and dual solutions are obtained simulta-
neously. Thus, using the proposed formulation does not
complicate the method implementation procedure.

Ill. SIMULATION RESULTS

Simulations based on experimentally measured data
were performed to investigate the numerical behavior of two
different methods, i.e., the directly formulated SQLP formu-
lation using standard procedure, Eq. (6) (method 1), and the
proposed simplified formulation in dual form, Eq. (10) or
(12) (method 2). In the measurement phase, the ANC system

(Method 1)
Substitute Optimal primal solution =P Filter coefficient
-» valuesto [~ Solve (
Optimal dual solution
Eq. (6
System Choose a. (6) A:aly
meagurlng: parameters: primal-dual
Obtain Sy, | Filter order N¢, interior-point
Sxdgr Sd,d g constraint limit (Proposed Method 2) = 405 ithm
Ge, and Gso' Ae. B, Ci'j Substitute * Optimal primal solution
-»| valuesto [~ Solve (
Eq. (12) Optimal dual solution =P Filter coefficient

FIG. 2. (Color online) A flow chart showing the procedures of implementing method 1 (conic formulation using standard procedure) and method 2 (pro-

posed formulation).
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was installed on the wind channel of a central air handling
system, which is similar to the previous work of Zhuang and
Liu®° and is shown in Fig. 3. When acquiring measurement
data, the sampling rate of the data acquisition system is
48 kHz. For calculating the correlation matrices and fre-
quency responses, 2 x 10° sampling points for each channel
were acquired, where a Hamming window of 48 000 points
is used for averaging with 50% overlapping.

Due to its large duct size and wide targeted control fre-
quency range, a multichannel ANC system is required. The
system used in the current work includes four reference
microphones (N, =4), two loudspeakers (N,=2), and four
error microphones (N,=4). Thus, 2 x4 (a total of eight)
FIR filters are required to be designed. The sampling fre-
quency f; is 7000 Hz, and the desired noise attenuation band
is from 100 to 3400Hz. In the desired noise attenuation
band, 1101 equally spaced frequencies (i.e., 3 Hz frequency
resolution) were used for the objective function, and 413
equally spaced frequencies (i.e., 8 Hz frequency resolution)
were used for the disturbance enhancement constraint. The
allowed disturbance enhancement is 3dB, i.e., A,=2 for
¢;(fr) in Eq. (2b). A different number of frequencies were
used in stability and robustness constraints in diverse com-
parative cases described in Secs. III A and III B. The reason
that different numbers of frequencies are used for stability
and robustness constraints is that those two types of con-
straints were demonstrated to be closely related to the
numerical stability behaviors.*' The ¢, in Eq. (2d) is set to
0.1 to ensure strict stability. The B(f;) in Eq. (2e) is chosen
to be the upper bound on the output multiplicative plant
uncertainty, which is 10% in this experimental setup.
Outside of the desired attenuation band, 68 frequencies (i.e.,
3 Hz frequency resolution) were used in filter response mag-
nitude constraints. The C;;(f) in Eq. (2¢) is set to 0.01 to
ensure that the speakers used in the experimental setup oper-
ate in their linear response range. Two solvers, SeDuMi*’**
and SDPT3,38’43 were used to implement different variants
of primal-dual interior-point algorithms to obtain more gen-
eral conclusions on the improvements brought by the pro-
posed reformulation. Both solvers will stop iterating when
either an optimal solution is found or the generated step
length becomes sufficiently small (a numerical issue can be

FIG. 3. (Color online) The picture and dimensions of the experimental
setup (the units are mm; Ref. 30).
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considered happening if the solver stops iterating while an
optimal solution is not found yet). In this section, the proces-
sor used in the current work is Intel(R) Core(TM) 17-7700
CPU at 3.60 GHz (Santa Clara, CA), and the programming
platform is MATLAB (Natick, MA) installed on Windows
10 64-bit operating system (Microsoft, Redmond, WA). The
double-precision floating-point numbers are used.

A. Comparison of numerical stability

For typical primal-dual interior-point algorithms
designed for cone programming, numerical issues may
occur when the solution is close to the optimal solution or
boundary of constraints.*®*** In practical algorithms, one
of the stopping criteria is the duality gap, which measures
the difference between primal and dual objective function
values. The duality gap converges to zero when the current
solution is approaching the optimal solution.’”*> To com-
pare the numerical stability of different formulating meth-
ods, the duality gap just before a numerical issue occurs is
chosen to be the criterion, i.e., the smaller the duality gap is,
then the better the numerical stability is.

In ANC filter design, the numerical issues usually occur
when PSD cones, i.e., due to stability and robustness con-
straints, exist.*' Three different frequency resolutions for
stability and robustness constraints were used as different
cases: 56, 83, and 111 frequencies over the desire noise con-
trol band, i.e., 60, 40, and 30Hz frequency resolutions,
respectively. After trials of different frequency resolutions,
the 56 frequencies (60 Hz frequency resolution) are the min-
imum number of frequencies to ensure robust stability
across the whole frequency band. In each case, different FIR
filter lengths, N,, were also used to compare the numerical
behavior for different problem dimensions. The duality gaps
before numerical issues occur for different cases, filter
lengths, methods, and solvers are shown in Fig. 4. These
plots show that for both solvers, method 2 always has a
smaller final duality gap, i.e., is more numerically stable,
than method 1, especially if using solver SeDuMi for high
order FIR filters. When method 1 is used for higher order
FIR filters, it is possible that no reasonable solution can be
obtained by SeDuMi since some duality gap in these plots
can only reach around 1 x 1073, which is several orders
larger than the duality gap achieved by the proposed formu-
lation (method 2), suggesting that it is not converged to the
optimum solution when the solver stops iterating because of
a sufficiently small step length. The results also demon-
strated that the solver SDPT3 is usually more numerically
stable compared with SeDuMi when the same formulating
method is used.

To confirm that such a small duality gap is indeed
needed to achieve satisfactory ANC performance, the ANC
performance (in nominal condition) comparison of 96-point
and 192-point FIR filters designed by different methods and
different solvers is shown in Fig. 5, where 111 frequencies
for stability and robustness constraints are used. “ANC
OFF” denotes the sound pressure power spectral density
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FIG. 4. (Color online) The duality gap before numerical issues occur when using (a) 56 frequencies, (b) 83 frequencies, and (c) 111 frequencies for stability

and robustness constraints.

function (PSDF) of original disturbance signals averaged
among all of the error microphones. In Fig. 5, “normalized
SPL” (normalized sound pressure level) is the ratio of the
sensor averaged PSDF when the ANC system is in operation
to the PSDF averaged among error sensors and the whole
frequency band when ANC OFF. In Fig. 5, the performances
of ANC filters solved by using method 1 and SeDuMi,
which has duality gaps of 2.04 x 107® for Fig. 5(a) and
6.02 x 10~* for Fig. 5(b), is obviously worse than other
combinations which have duality gaps that are all less than
10~8. This confirms that using method 1 may not give a sat-
isfactory result if the solver SeDuMi is used and the problem
dimension is large. Although in this specific ANC applica-
tion, the solver SDPT3 can use method 1 to give an accurate
enough solution, it is still less numerically stable (higher
duality gap) than the proposed method 2, i.e., when higher
precision is required in other ANC applications, the pro-
posed method 2 may be preferable. In Sec. III B, it will also
be shown that proposed method 2 will always have a better
computational efficiency compared with method 1 in both
solvers.

A comparison of the noise control performance with
and without using constraints is shown in Fig. 6(a). The
“Wiener filter” indicates the optimal filter without consider-
ing any constraints. From Fig. 6(a), results without
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i .......... Method 2 + SeDuMi
% 1o} _
5
@
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Frequency (Hz)
(a)

constraints, the disturbance enhancement is high in lower
and higher frequency ranges for the Wiener filter case.
Furthermore, the stability constraint function values are
shown in Fig. 6(b). When the values are higher than the blue
dot line, the designed filter is not stable. For the Wiener fil-
ter case, it exceeds the bound around 1500 and 2500 Hz,
which indicates that it is not stable when implemented in
real time. This suggests that the stability constraint is indeed
necessary in this particular application and the proposed
method can ensure the satisfaction of the required stability
constraints.

B. Comparison of computational efficiency

Besides the numerical stability behavior, the computa-
tional efficiency was also investigated for the two formulat-
ing methods. The computational times for different cases,
filter lengths, methods, and solvers are shown in Fig. 7. It is
noted that for the combination of method 1 and SeDuMi, the
results only include cases with filter lengths of 32 and 64
because the algorithm cannot give an accurate enough solu-
tion for a higher order FIR filter as confirmed in Sec. III A.
In Fig. 7, results demonstrated that for both solvers, method
2 is much more computationally efficient than method 1,
especially when solver SDPT3 is used (computational time

‘ :
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FIG. 5. (Color online) The comparison of noise control performance using (a) 96-point FIR filters, and (b) 192-point FIR filters, when 111 frequencies are

used for the stability and robustness constraints.
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FIG. 6. (Color online) The comparison of (a) the noise control performance,

was reduced by two orders). The results also showed that
using solver SeDuMi is significantly more efficient than
using solver SDPT3, but the use of SeDuMi is only possible
when the proposed formulation is used (i.e., method 2).

To summarize the analysis results, the proposed
method 2 is more numerically stable and computationally
efficient compared with method 1 in both solvers. Also, the
combination of method 2 and SeDuMi is more preferable
to solve the multichannel ANC filter design problem
because it usually has better numerical stability and com-
putational efficiency. If in some cases where the optimal
solution needs to be extremely accurate, i.e., a very small
duality gap is required, then the combination of method 2
and SDPT3 can be chosen to solve the problem to have a
higher accuracy.

IV. SUMMARY AND CONCLUSIONS

Although the computational efficiency in designing
optimal filters for a constrained multichannel ANC system
can be significantly improved when the traditional H,/H
formulation is converted into a cone programming formula-
tion, numerical instability issues are likely to occur when
using the standard conic reformulation procedure. In the cur-
rent work, it is found that this numerical issue is caused by

o 2 ‘ ‘ ‘
R B Stability constraint limit
c_g 15+ |—Method 2 + SeDuMi
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'-o% 1 [. o s
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=
=
2
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and (b) the stability constraint function values using 96-point FIR filters.

the presence of free variables that occurred in the standard
cone programming reformulation process. A conic formula-
tion with improved numerical stability is proposed. This
alternative reformulation is achieved by converting the for-
mulation that resulted from the standard conic reformula-
tion to its dual formulation, where all of the free variables
can be eliminated through proper matrix rearrangements.
The removal of free variables not only effectively allevi-
ates the numerical stability issue but also further improves
the computational efficiency in solving the optimization
problem.

The experiment results confirmed that compared with
the conic formulation using standard procedure, the pro-
posed simplified conic formulation is more numerically sta-
ble and computationally efficient. It shows that the SeDuMi
solver is more computationally efficient in most cases but
less numerically stable than the SDPT3 solver. The achiev-
able numerical stability is usually satisfactory when using
the SeDuMi solver if the proposed formulation is used. The
improvement of numerical stability and computational effi-
ciency brought by the proposed formulation is an important
step to potentially realize constrained adaptive control for
ANC systems with multiple types of constraints by a contin-
uous redesign procedure.
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FIG. 7. (Color online) The computational time when using (a) 56 frequencies, (b) 83 frequencies, and (c) 111 frequencies for the stability and robustness

constraints.
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APPENDIX A: SECOND-ORDER CONE
REFORMULATION

In this appendix, the expressions related to the second-
order cone reformulation, i.e., Ag, Aig, Assx, Bo, Big,
By, bo, b1 &> and b2;k in Eq. (6), are derived.

For convenience, ¥ € K¢ and ¥ € K3 are used to repre-
sent all of the conic relations without assigning a different
notation for each conic constraint.

For the objective function, a new variable #, and new
constraint can be introduced. Minimizing Eq. (2a) is equiva-
lent to

Ny
T
minimizey , ty + ij (fi)W, subjectto [|[Mow||, <
k=1
(AD)

where the matrix My is a matrix such that Mo M,
= Z 1 Ay (fi), which, depending on the rank of matrix, can
be obtained by either a square root of matrix,*” Cholesky
factorization, or full rank factorization using singular value
decomposition. Note that the two sets,

K={(X,y1,72) €R" x RXR|y1,y2>0,\/y132 > [[X], },
2X
yi—»n

Thus, Eq. (A1) can be reformulated equiv-

2Mow
to—2

K= (f,yhyz)eﬁ%"xé}%XW‘ <yit+y2 ¢,

(A2)

are equivalent.*®
alently as

<fp.
2

Ny

minimizefo+ be (fi)W, subjectto
=1

(A3)

By introducing a new set of variables, Xo € RV %2 and

eliminating 7., Eq. (A3) can be rearranged as
minimize(¢,,)" W + (€)" X,
subject to Ay l 1 = 50,

Xo € K}, (A4)

where W and X, are variables and the constants, ¢,, € RNV n

EO c %/VvaNHﬂ7 bo c §RN,-N,VN,+1’ A() c §R(NrNfo+l)><(N,-N,er)’ and
B, € RONNADXNNNA2)
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k=1
B 0 Ao — 2M,
0 — o) ) 0 0 )
0 0 I
B, — N,N, N, ’
1 -1 0
and 0 represents the zero matrix with appropriate
dimension.

For the disturbance enhancement constraint, Eq. (2b), it
is also in a quadratic form, which can be reformulated
equivalently in a similar way as

T . - .
t+b, (i) W4+¢(fi) =0, |IMiew|, < \/tig, (A5)
where

Mis = (G (f)G () (SL.(R)) " @ FT (fo),

(Gf(fk)GE(fk))l/2 and (SL(}‘,{))I/2 are the complex matrix
square roots of GY(fi)G,(f;) and S (fi), respectively,
which can be obtained by methods discussed in the objective
function reformulation above. Equation (A5) can be rear-
ranged from complex form to an equivalent real form, and
then reformulated in a similar way as in the objective func-

tion reformulation into

—T . = - .
tik — L+b,(fi) W+Cs(fi) =0

2R(M; 1)W
23Mi)w || <tk (A6)
g — 2 5
where & denotes the imaginary part of a complex value. By

introducing a new set of variables, X, € §RZN"N5+2, and

eliminating ¢, x, Eq. (A6) can be rearranged as
A4 = o q

[Aix Big] ik =bix Xix €K], (A7)

for all frequencies f;, where W and X ; are variables, and the

constants, Aj CRANNADXNNN) B CREVNA2)X (NN 42).
and l_)'m € RVNF2 are
2R(M ) | 0 o |
2%(M17k) TN
Alﬁk - T ) Bl k — 1 0 0 )
s (o) 1 -1 0
0 -
0 _
Bl,k =|1-¢()
2
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For the filter response magnitude constraint, Eq. (2c), it
is already in a similar form as a second-order cone. Note
that

IFL (o)W, Nl = €] (Iy, @ Ty, @ F (fi) (P
= |1€ (P, @ FL ()W ll,

where € € RV is a unit vector for selecting information
from an individual channel, it has values one in the /th ele-
ment and zero in other elements; and sparse matrix P, is
used to rearrange the sequence of elements in vector. So the
ith row and jth column of P, € RNANIXNND s one if
(i,j) € Sp,, where Sp, = {( i—lN—i—s,( DN, + 7)1
<r<N,,1 <s<Nyr,s €7} Thus, Eq. (2¢c) can be con-
verted to an equivalent real second-order cone formulation,

[%ﬁ( A®Fm>>] )
T w
S(Pr @ F:(fi))
for all / and f;, where [ = (j — 1)N; + i. By introducing a

new set of variables, X, ; € R, Eq. (A9) can be rearranged
as

r @ Iy )Wl
(A8)

< Cij(fe),
2

(A9)

—

w o -
[Azix Bouk] L-(»NJ =bok, X2 €KL (A10)

for all frequencies f; and all /, where w and X xz 14 are varia-
bles, and the constants, Ay;; € R (N:NsNe) e R3,
and b21k € R are

& R(P, @ F.(fy))
Arii = | &SP, QF.(f)) |+
0
[0 -1 0 0
Byjv=1(0 0 —1[, byyp= 0
1 0 0 Ci;(fr)

APPENDIX B: PSD CONE REFORMULATION

In this appendix, the expressions related to the PSD
cone reformulation, i.e., the Az, Asx, B3y, Bay, b3 &» and
b4 « in Eq. (6), are der1ved

Since each element of A and Aﬁ’ is a linear function of
variables W, the stability constraint, Eq. (2d), can be equiv-
alently reformulated as the PSD cone with respect to the
introduced variables as

—A; — AT +2(1 — €¢Iy >0, (B1)
where >0 means that the matrix is PSD, and Iy, is an N;
x Ny identity matrix.

For the robustness constraint, Eq. (2e), the Schur com-
plement lemma is needed (because the elements of Af Ay

are not linear transforms of W) to equivalently convert it to
PSD cones,49
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1

—1Iy,  —A
B(fi) =0. (B2)

Note that Egs. (B1) and (B2) can be converted into
equivalent real forms by using the property that a Hermitian
matrix A > 0 is equivalently to

[ggj‘\% _é}f(/(;;)] =0. (B3)
To express matrices in vectors forms, first,
vee(—Ay) = vee(W, (1) Gy (1))

= (61 @1, )P,) ©F.(f)W

£ (Q; +iQ)W (B4)

where the last equality is a notation of real and imaginary
parts of the constant matrices for the use in latter formula-
tions, and P, is defined in Eq. (A8). Similarly,

vee(—A") = (I, © G1 () ® Fi(f) W

£ (R} + iRy)w (BS)
Thus, let Az, € RUAN)X (NNN) e
Asp
. A
Al — Asp _—_
3k — OZNE ’ 3k — )
A3 pn,
where
Asps = l (((s = DNy + 12N, 2)
+ Ri((s = DNy + 125N, 2],
Ay = [ (((5 = DN; +1:5Ny,2)
+RE((s — )Ny + 1 : sN, 2],
and Q) (1 : Ny, :) means the first to N th rows of matrix Q)

with all columns (similar for other notations, and the dimen-
sion of zero matrices 1s labeled to prevent confusion); con-
stant matrix B3 ; € RN (VD)

_IZN% 0 0 —1
B3‘k = » ) PS = )
Iy, @ Py @Iy, —Ly: 1 0
(B6)
where P, comes from symmetrlc matrix structure. The ith
element of the sparse vector bgk c R =2(1 — ) if
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i €Sy, where S, = {2Ns(s —1)+s|]1<s<Ngse€ Z}.

. 2
The constant matrix, Ag € RIONT)x (N, NN:)

, 18
[ AZ,k,RJ 1
Al iR
AZ,/«,R,N;
Ay . Ai,k.R,N\.
Ay = , Ay = AT B I
OSNXZ,N:N,AN, 4.4,Q,1
AlQu
ALk,
| Abron, |
where
A | On, NN, N,
HeRys R, ((s — 1)Ny+ 1 : sNy, ) |
. [ Qs = DN+ 128N
Adkas = O, NN, N, 7
A i On, v,
AR5 R, ((s — )Ny + 1 :sNy,2) |
A [Qi((s— )N, +1:sN,,2)
| On, NN, ’

16N?)x (16N?) -

constant matrix, By ; € Rl , 18

. 0 ]

B,, =
o Ly, ® Py @ Loy,

9

~Isn

and the ith element of the sparse vector, 54,;( € RN 3,
is —1/B(fy) if ior(i—4N?—N,)€S,,, where S,
={4N,(s— 1) +s|1 <s < N,,s € Z}.

Finally, with the new set of variables, X3, € 3‘%41\/3, Eq.
(B1) can be equivalently reformulated as

—

(A Bas]|

X3 k

] =bsy, X34 €K, (B7)

for all frequencies f;. Similar relations can be obtained for
Eq. (B2) as

w = R
[Asx Bay] L—Qk] =bar, X4 €K). (B8)

1=

APPENDIX C: COMPUTATION OF B 'AANDB ' b

In this appendix, the analytical expressions for ﬁilzi

S 12, . L .
and B b in Eq. (8) are given. Thus, no numerical inversion
is required.
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To inverse block diagonal matrix ﬁ, only the inverse
of each block of B is needed. The difference between B
and B is the added row in Eq. (7). This added row should
be considered in the first block of B, i.e., above the By in
Eq. (A4),

1 0 0
_ 1 0
By = =10 0 —Iywn, (CDhH
By )
1 -1 0
It can be easily seen that the inverse of B, is
1 0 0
B, =|1 0o -1 (C2)
0 —Iyny O

Similarly, one can easily check that the inverse of each type
of block in B is

0 1 0
B, = 0 1 -1,
_IZN.\Nr 0 0
0 0 1
B, =|-1 0 0f,
0 -1 0
I 0
B, = '
3.k )
—Iy, @ Py @Iy, —Ine
1 i _ISNE 0
B, = (C3)
—Ly, @ Ps @ Ly,  —Igye
Let AO and ﬁo be
0 -1 ) 0
Ao=|2My 0 |, bo= [2] (C4)
0 0

Then, A can be seen as vertically concatenating A,
Ay, Aok, Asg, and Ayy for all k£ and /. It is noted that
Al’k, Az,l,k, A_g,k, and A47k have one more zero column to

the right compared with A s, A i, Az, and Ayy. ]~371 can

be seen as a sparse block diagonal matrix obtained by diago-
nally concatenating ﬁ;l, B;,i, Bz’_’}"k, Bii, and B;Ji for all k
and /. Thus, B 'A can be seen as vertically concatenating
By Ao, Bi}A 4, Byl Az, Byt Asy, and By} Ay, for all k

and [. By using the expression of each block of A and ﬁil,
they can be easily computed as
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0 —1
B, Ag=| 0 —1|,
—2M, 0
b(fi) 0
B A ;= Ej(fk) 0 ;
T —2RMix) 0
—2%(M17k) 0
0 0
Bzill,kAZ,l,k: —E{?R(P,@Fz(fk)) 0],
&3P, @F.(ft)) O
Ay 0
Apirr 0
_ } —Abir1 0
—A3,k 0
Ay 0 |
—AL, 0 scry, 0
B Az = , BiiAse=|—Alirn, 0],
l.: bron 0
3N 0 —Abio1 0
Al
Lk,
| —Alcon, 0

Similarly, ]}715 can be seen as vertically concatenating
ﬁ(;lf)o, Bi]iﬁl,k) BZ_,ll,szJyk’ B;;BS,k7 BZJLB;;’](, and for all &

and /. By using the expression of each block of b and ﬁ_l,
they can be easily computed as

Jo - (k)
By'bo=|—2|; Bilbii=|-1-&() |;
0 0
Cij(fe)
Bzyllykgz,z,k = 0 ;
0

and the ith element of the sparse vector, B3 ,ilﬁ)}‘yk, is 2(1 — )
if i or (i — 2N? — Ny) € Sp,; the ith element of the sparse vec-
tor, By 1bay, is 1/B(fi) if i, (i — 4N> — Ny), (i — 8N? —2N,),
or (i — 12N — 3N,) € Sp,.

Thus, calculating B'A and B b is merely rearrang-

ing of the elements sequence in the matrix and does not
require extra computational effort in practice.
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