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ABSTRACT:
In many practical multi-channel active noise control (ANC) applications, various constraints need to be satisfied,

such as stability, enhancement, etc. One way to enforce these constraints is to add a regularization term to the

Wiener filter formulation, which, by tuning only a single parameter, can over satisfy many constraints and degrade

the ANC performance. Another approach for non-adaptive ANC filter design that can produce better ANC perfor-

mance is to directly solve the constrained optimization problem formulated based on the H2=H1 control framework.

However, such a formulation does not result in a convex optimization problem and its practicality can be limited by

the significant computation time required in the solving process. In the presented work, the H2=H1 formulation is

convexified and a global minimum is guaranteed. It is then further reformulated into a cone programming problem

which can be solved using specialized algorithms. Results show that the proposed method can produce better noise

control performance than the regularization method. Compared with the traditional H2=H1 formulation, the pro-

posed method is more reliable and the computation time can be reduced by several orders, which, practically, pro-

vides a potential to extend its application to adaptive control. VC 2021 Acoustical Society of America.
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I. INTRODUCTION

In the past two decades, active noise control (ANC) tech-

niques have been implemented in a wide range of applica-

tions, such as headrests,1,2 automobiles,3 aircraft,4 motorcycle

helmets,5 ventilation windows,6 etc. In many of these practical

applications, various constraints, such as stability, robustness,

controller output, disturbance enhancement, etc., need to be

considered when designing the ANC filters.7 The stability and

robustness constraints are of particular importance when a

feedback control strategy is used or a strong acoustic feedback

path (i.e., the sound generated by secondary speakers can

propagate to the reference microphones) is present.

One commonly used approach to ensure the satisfaction

of those constraints is to introduce a regularization term in the

filter coefficients optimization process.7 Instead of minimizing

the power of error signals only, it minimizes a weighted sum

of error signal power and the power of the ANC filter response.

This approach is also known as leaky LMS when implemented

in an adaptive filter design process. Some methods were pro-

posed in previous studies to choose appropriate leak factor for

one particular constraint, such as output power constraint,8,9 or

disturbance enhancement constraint.10 When multiple fre-

quency dependent constraints need to be satisfied, the satisfac-

tion of one constraint usually leads to an over satisfaction of

others which, in turn, degrades the ANC performance.

A potentially better ANC filter design approach is to

directly solve an optimization problem with multiple

constraints formulated under the H2=H1 control framework

in the frequency domain.1,11–14 However, one issue with this

H2=H1 based ANC filter design method applied in recent

studies3 is that the stability constraint expression, which

involves obtaining the real part of a frequency response

matrix’s eigenvalues, is not a convex function of the filter

coefficients. This, mathematically, makes the whole optimi-

zation problem non-convex, so that no global minimum

solution is guaranteed (sometimes, the numerical method

may not even converge to a local minimum solution).

Practically, it means that this filter design method may not

be reliable in a wide range of applications and the ANC per-

formance may be sacrificed because a global minimum solu-

tion is not achieved in the numerical solving process. In

addition to this non-convexity issue, the long computation

time required in the solving process also leads to limitations

in the practical implementation of this method. In principle,

this H2=H1 based filter design method can be made adap-

tive to slow time-varying system characteristics by continu-

ously repeating the filter optimization process using the

most recent measurements of reference and disturbance sig-

nals, and then updating the filter coefficients. However,

since, in all previous applications of this H2=H1 based

ANC filter design method, the constrained optimization

problem is solved by sequential quadratic programming

(SQP) or similar algorithms,3,15–17 it requires a computation

time on the order of hours or tens of hours, depending on the

filter order, channel count, as well as frequency range,

which makes it impossible for this filter design method to be

implemented in practical applications requiring filter
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adaptation. If the filter design computation time can be

shortened to the order of seconds or minutes, a simple con-

tinuous repeating of this filter design calculation can extend

this method to a wider ANC application such as variable-

speed HVAC equipment which does not usually change

speed within several minutes. Another practical advantage

of shortening the computation time is that, even for a non-

adaptive ANC system, it can accelerate the product develop-

ment cycle in the commercialization of this ANC technique,

which requires the ANC filter to be designed in each engi-

neering iteration.

There are some preliminary studies by the authors that

showed the benefits of using convex optimization in ANC

filter design.18,19 In this article, a convex optimization for

multi-channel ANC system is presented with a more com-

pleted formulation process, practical experimental setup,

and an extensive investigation on the comparison to other

design approaches. The H2=H1 framework in the previous

work of Cheer and Elliott3 was adopted as an initial formu-

lation for constrained multi-channel ANC filter design. This

filter design problem is formulated to a convex optimization

problem by relaxing the non-convex stability constraint to

its convex upper bound. The relaxed stability constraint was

shown to be convex and, at the same time, still less conser-

vative than other commonly used convex stability con-

straints. In order to reduce the computation time in the

numerical solving process, it was then proposed to further

convert this convex formulation into a cone programming

formulation, which is solved by computationally efficient

algorithms. The results demonstrate that, compared with the

regularization parameter approaches, better noise control

performance can be achieved by using the proposed method.

Compared with the traditional H2=H1 framework solved by

the SQP method, the numerical solving process in the pro-

posed work is more reliable and results in a significant

reduction in the required computation time (reduce from the

order of hours to seconds). This can significantly accelerate

the development cycle of ANC products based on such a

H2=H1 framework and provide the potential to extend the

application of this non-adaptive filter design method into

adaptive active noise controls of slow time-varying systems.

II. THEORY

In this section, all the formulations are presented in the con-

text of feedforward control. It is noted that they can be directly

applied to feedback ANC as well, because, if an internal model

structure is used, a feedback controller can be designed using an

identical way as that for a feedforward controller.3

A. Review of regularization parameter and traditional
H2=H‘ method

1. Control system description

The system block diagram of a typical multi-channel

ANC feedforward controller is shown in Fig. 1(a). This ANC

system includes Nr microphones as reference sensors, Ns

loudspeakers as secondary sources, Ne microphones as error

sensors. ~x denotes the noise signals from the primary noise

sources measured at reference sensor locations. ~r denotes

signal measured by the reference microphones when the

ANC system is activated.~y is the output of the controller.~de

denotes the disturbance signals. ~e denotes the error signals.

The total power of error signals is to be attenuated by the

ANC system. Gs0
is the acoustic feedback path matrix that

represents the acoustic responses of secondary sources at the

reference sensors. The reference signals~r is the combination

of primary noise signals, ~x, and the signal from the acoustic

feedback path Gs0
. To estimate the primary noise signals, ~x,

from reference signals ~r, an internal model control (IMC)

structure is applied to cancel the acoustic feedback path

effect.1,3,7 In the controller H, the Ĝs0
is a model of the phys-

ical feedback path, Gs0
, which is assumed to be a perfect

model, i.e., Ĝs0
¼Gs0

. Thus, this system becomes a standard

feedforward system in Fig. 1(b). The possible feedback path

modeling error in practice is considered as a model uncer-

tainty in robustness constraints. Ge represents the acoustical

responses matrix of the secondary sources at the error sensor

positions. Wx is the frequency response matrix of the multi-

channel ANC FIR filters that need to be designed. The FIR

filter coefficients of the ANC filters, denoted as wF, are the

variables that need to be calculated in the filter design prob-

lem. The optimal solution w�F obtained by solving the filter

design problem can be directly implemented in the real-time

signal processing controller via time-domain filtering.

2. Regularization parameter approach

The regularization parameter approach is briefly

described here. More details can be found in Elliott’s work

on robust controller design.7,20 Instead of the total signal

power at error sensors, the objective function being mini-

mized is

FIG. 1. Block diagram of the MIMO feedforward controllers (a) with the

acoustic feedback path and internal model control structure, (b) in a stan-

dard feedforward form when assuming internal model control structure per-

fectly cancels the acoustic feedback path effect.
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J ¼ E ~eTðnÞ~eðnÞ þ b
XNs

i¼1

XNr

j¼1

~wT
Fi;j
~wFi;j

2
4

3
5; (1)

where i and j denote the i-th output channel and j-th input

channel of the ANC filter. Each ~wFi;j
is a column vector that

is composed of the ANC filter coefficients associated with

the channel pair specified by i and j. b is the regularization

parameter that needs to be tuned to satisfy all required con-

straints. By minimizing the objective function, the optimal

filter can be written as

~wopt ¼ �ðRrr þ bINrNsNt
Þ�1~rrd; (2)

where Nt denotes the order of FIR filters in each channel,

INrNsNt
is a square identity matrix with a dimension of

NrNsNt by NrNsNt; Rrr is the auto-correlation matrix of fil-

tered reference signals, and ~rrd is the cross correlation vec-

tor of filtered reference signal and disturbance signal.

When b increases, all the required constraints will be

gradually satisfied but it can cause an over satisfaction of

many constraints and thus results in a sacrifice of noise con-

trol performance.

3. Traditional H2=H‘ approach

The previous work of Cheer and Elliott3 was presented

here to introduce the traditional H2=H1 approach. First, fre-

quency response of an FIR ANC filter can be expressed as

Wxi;j
ðf Þ ¼ ~FT

z ðf Þ~wFi;j
; (3)

where

~Fzðf Þ ¼ 1 e�j2pf 1=fsð Þ e�j2pf 2=fsð Þ � � � e�j2pf Nt�1ð Þ=fs½ �
� �T

;

f denotes the frequency, and fs denotes the sampling fre-

quency. Wxi;j
means the i-th row and j-th column of fre-

quency response matrix Wx.

The objective function J0ðwFÞ to be minimized is the

total power of error signals across all desired frequencies

J0ðwFÞ ¼
XNf

k¼1

JðfkÞ; (4)

where the JðfkÞ is the power of error signal at k-th frequency

fk. Nf denotes the total number of frequency points in the

desired noise attenuation band. Following the work of Cheer

and Elliott,3 JðfkÞ is expressed as

JðfkÞ ¼ tr Eð~eðfkÞ~eHðfkÞÞ
� �

¼ tr Eðð~deðfkÞ þGeðfkÞWxðfkÞ~xðfkÞÞ
h

� ð~deðfkÞ þGeðfkÞWxðfkÞ~xðfkÞÞHÞ
i

¼ tr
h
GeðfkÞWxðfkÞSxxðfkÞWH

x ðfkÞGH
e ðfkÞ

þGeðfkÞWxðfkÞSxde
ðfkÞ

þSH
xde
ðfkÞWH

x ðfkÞGH
e ðfkÞ þ Sdede

ðfkÞ
i
; (5)

where

WxðfkÞ ¼
Wx1;1

ðfkÞ � � � Wx1;Nr
ðfkÞ

..

. . .
. ..

.

WxNs ;1
ðfkÞ � � � WxNs ;Nr

ðfkÞ

2
664

3
775;

and E is the expectation operator, H denotes the conjugate

transpose of a matrix, SxxðfkÞ and Sdede
ðfkÞ are the cross-

spectral density matrices of ~x and ~de, respectively, at fre-

quency fk, and Sxde
ðfkÞ is the cross-spectral density matrix

between the primary noise signals~x and the disturbance sig-

nals~de at frequency fk.
Disturbance enhancement constraints are added to pre-

vent large enhancements. A simplified version of Cheer and

Elliott’s work3,7 is used

JðfkÞDeðfkÞ � AeðfkÞ; (6)

where

DeðfkÞ ¼
1

tr Sdede
fkð Þ

� � ;

and DeðfkÞ is the reciprocal of total disturbance energy at

k-th frequency; AeðfkÞ is specified as the upper bound of the

enhancement ratio of error signals at frequency fk.
Even for feedforward control, the stability and robust-

ness constraints also need to be considered because of the

use of feedback cancellation path Ĝs0
in the controller H. In

the current work, the controller stability is ensured by limit-

ing the open-loop response trajectory of controller H (i.e.,

the eigenvalues of the open-loop frequency response matrix)

to be at the right-hand side of the Nyquist point in the

Laplace domain,3,7 which can be expressed as

min < k WxðfkÞĜs0
ðfkÞ

� �� �� �
> �1; (7)

where kð Þ denotes the eigenvalues of a matrix and <ð Þ
denotes the real part of a complex number. Note that, com-

pared with Cheer and Elliott’s work,3 Ĝs0
ðfkÞWxðfkÞ is

changed to WxðfkÞĜs0
ðfkÞ since this will not change the

value of non-zero eigenvalues. The size of Ĝs0
ðfkÞWxðfkÞ is

smaller when the number of secondary sources Ns is smaller

than the number of reference sensors Nr.

For robustness constraints, with the M-D structure and

the small-gain theory applied,3,7 they can be expressed as

max r WxðfkÞĜs0
ðfkÞ

� �� �
BðfkÞ � 1; (8)

where rð Þ denotes the singular values of a matrix and BðfkÞ
is the upper bound on the output multiplicative plant uncer-

tainty at frequency fk. To reduce the problem size, as

explained in the stability constraint Eq. (7), WxðfkÞĜs0
ðfkÞ is

used instead of Ĝs0
ðfkÞWxðfkÞ.

In practical applications, a constraint on the amplitude

of the ANC filter response, Wxi;j
ðfkÞ, is usually needed1 to
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ensure that the loudspeakers always operates in their linear

response range, which can be written as

jWxi;j
ðfkÞj � Ci;jðfkÞ; (9)

where Ci;jðfkÞ is the required upper bound on the amplitude

of filter wFi;j
at frequency fk. Note that if Ci;jðfkÞ is small

enough and Eq. (9) is satisfied at some frequencies, Eqs. (6),

(7), (8) are also automatically satisfied at those frequencies.

So, for those frequency bands where Ci;jðfkÞ is small, Eq. (9)

can be used to replace Eqs. (6), (7), (8) to reduce the calcu-

lation effort of solving the optimization problem. Also, it is

found that when the energy of the disturbance signal is small

at some frequency bands, e.g., near Nyquist frequency due

to anti-aliasing filtering, the use of response limits, Eq. (9),

to replace Eqs. (6), (7), (8) on these frequency bands can

help improve the numerical behavior during solving the

optimization problem.

As a summary of the H2=H1 formulation of ANC

applications, an optimization problem for the multi-channel

ANC filter design in the frequency domain can be con-

structed by using Eq. (4) as the objective function, and Eqs.

(6), (7), (8), (9) as constraints,

min
wF

:
XNf

k¼1

JðfkÞ

s:t: JðfkÞDeðfkÞ � AeðfkÞ; for all fk;

min < k WxðfkÞĜs0
ðfkÞ

� �� �� �
>�1; for all fk;

max r WxðfkÞĜs0
ðfkÞ

� �� �
BðfkÞ � 1; for all fk;

jWxi;j
ðfkÞj � Ci;jðfkÞ; for all fk; i;and j: (10)

Cheer and Elliott proposed to solve this optimization prob-

lem Eq. (10) by sequential quadratic programming (SQP).

But the problem solving process can be quite time consum-

ing since it involves complicated non-smooth constraints,

especially for high order multi-channel filter wF and a large

number of frequency components. Also, the SQP cannot

guarantee to converge to the global optimal solution for

such a general problem. To overcome these difficulties,

modifications and reformulations of Eq. (10) are proposed

and discussed in the following.

B. Proposed convex formulation

In this section, the original optimization problem, Eq.

(10), is modified and reformulated into a convex optimiza-

tion problem. Then, the global optimal solution can usually

be found.21 Computationally efficient algorithms can also be

applied to this convex problem.

A general convex optimization problem requires the

objective function and all inequality constraint functions to

be convex.21 Equation (10) does not meet this requirement

since the function in the inequalities for stability constraint

is not convex (which can easily be shown by checking

the definition of convexity). Some modifications and

reformulations thus need to be applied. However, all the

other constraints and the objective function listed in Eq.

(10) are already convex. For the benefit of analyzing the

convexity of the optimization problem and applying algo-

rithms, some simplifications to Eq. (10) are also introduced

in Sec. II B 2.

1. Convexification of stability constraint

Since the stability constraint is the only constraint that

is not convex, only this constraint needs to be relaxed to

accomplish the problem convexification. Equaction (7) can

first be reformulated as

max < k �WxðfkÞĜs0
ðfkÞ

� �� �� �
< 1: (11)

It is noted that the operation of taking real part of eigenval-

ues is not a convex function. For brevity, As is used to repre-

sent �WxðfkÞĜs0
ðfkÞ in the following modification process.

And k1ðAsÞ denotes the eigenvalue of �WxðfkÞĜs0
ðfkÞ with

the largest real part. Then, Eq. (11) can be expressed as

< k1 Asð Þð Þ ¼ k1 Asð Þ þ k1 Asð Þ�

2
< 1; (12)

where * denotes the complex conjugate of a complex num-

ber. Now suppose m1 is an eigenvector associated with

k1ðAsÞ, so k1ðAsÞ ¼ mH
1 Asm1=jjm1jj22. Then Eq. (12) becomes

< k1 Asð Þð Þ ¼
mH

1

As þ AH
s

2

� 	
m1

jjm1jj22
< 1: (13)

In order to achieve convexity, Eq. (13) can be relaxed by

enforcing it to be satisfied not only for m1, but for any arbi-

trary vectors, which is equivalent to

max k
As þ AH

s

2

� 	� 	
< 1: (14)

Since Eq. (14) is obtained by relaxing Eq. (13), it serves as

an upper bound for Eq. (11), i.e., a more restricted stability

constraint. This constraint function is convex because it

takes the largest eigenvalue of a Hermitian matrix21 and this

matrix is obtained by linear transform of unknown variables,

~wF. The use of Eq. (14) is still a less conservative stability

constraint compared with some other constraints used in

previous studies. For example, sometimes controller stabil-

ity is ensured by limiting the eigenvalues of WxðfkÞĜs0
ðfkÞ

to be inside the unit circle,7 which is not convex either.

There are some other stability constraints used in some stud-

ies that are indeed convex, e.g., limiting the multiplication

of the largest singular value of WxðfkÞ and the largest singu-

lar value of Ĝs0
ðfkÞ to be less than 1,7

jjWxðfkÞjj2jjĜs0
ðfkÞjj2 < 1; (15)

or sometimes a slightly less conservative but still convex

constraint was used in previous studies,
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jjWxðfkÞĜs0
ðfkÞjj2 ¼ jjAsjj2 < 1; (16)

where jj jj2 denotes the spectral norm of a matrix. To show

that Eq. (14) is less conservative, it can be first shown that

max k
As þ AH

s

2

� 	� 	
� As þ AH

s

2






















2

� jjAsjj2 þ jjAH
s jj2

2

¼ jjAsjj2
� jjWxðfkÞjj2jjĜs0

ðfkÞjj2; (17)

where the first inequality comes from the fact that the maxi-

mum eigenvalue of a matrix is always smaller or equal to its

spectral norm; the second and fourth inequalities come from

the triangle property and sub-multiplicativity properties of

the spectral norm. This proves that Eq. (14) is less conserva-

tive compared with Eq. (15) or Eq. (16). Thus, the associ-

ated ANC performance resulting from the proposed method

can, in principle, be better.

In a general convex optimization problem, the inequal-

ity constraints need to be non-strict. So a very small positive

constant �s is introduced to ensure the strict stability when

expressed as non-strict constraint. Equation (14) can now

become:

max k
As þ AH

s

2

� 	� 	
� ð1� �sÞ � 0; (18)

where

As ¼ �WxðfkÞĜs0
ðfkÞ:

2. Convex formulation of objective function and other
constraint

The objective function, Eq. (4), can be simplified into a

standard quadratic form. First, Eq. (5) can be simplified to a

standard quadratic form as (see the Appendix for detail),

JðfkÞ ¼ ~wT
AJðfkÞ~w þ~b

T

J ðfkÞ~w þ cJðfkÞ; (19)

where

AJðfkÞ ¼ < GH
e ðfkÞGeðfkÞ

� �
� ST

xxðfkÞ � ~F
�
z ðfkÞ~F

T

z ðfkÞ
� �� �

;

~bJðfkÞ ¼ 2< vec Sxde
ðfkÞGeðfkÞ

� �
�~FzðfkÞ

� �� �
;

cJðfkÞ ¼ tr Sdede
ðfkÞ

� �
;

~w ¼ ~wT
F1;1
� � � ~wT

F1;Nr
~wT

F2;1
� � � ~wT

FNs ;Nr

h iT

;

vec() converts a matrix to a vector by stacking the col-

umns22 and � denotes Kronecker product. GH
e ðfkÞGeðfkÞ;

F�z ðfkÞ~F
TðfkÞ and ST

xxðfkÞ are always positive semidefinite by

their definitions. So AJðfkÞ is positive semidefinite because

of the Kronecker product properties. After dropping the con-

stant term, the original objective function Eq. (4) can then

be expressed as

J0 ¼ ~wT
XNf

k¼1

AJðfkÞ

0
@

1
A~w þX

Nf

k¼1

~b
T

J ðfkÞ~w; (20)

which is convex because the Hessian matrix of J0, i.e.,

2+Nf

k¼1
AJðfkÞ, is positive semidefinite since it is a summation

of positive semidefinite matrices. Also, the dimension of the

objective function is independent of the number of frequen-

cies after this simplification. Thus, even if a fine frequency

resolution is chosen in the objective function, it will not

increase the computational complexity.

The disturbance enhancement constraint, Eq. (6), can

be simplified similarly,

~wT
AJðfkÞ~w þ~b

T

J ðfkÞ~w þ ~cJðfkÞ � 0; (21)

where

~cJðfkÞ ¼ cJðfkÞð1� AeðfkÞÞ:

For robustness constraint, Eq. (8), it can be simply

expressed as

max r WxðfkÞĜs0
ðfkÞ

� �� �
BðfkÞ � 1 � 0; (22)

which is already in a convex form because the maximum

singular value is a matrix norm, and each matrix element is

obtained by linear transform of variables ~wF.21

For filter response magnitude constraint, Eq. (9), by

using Eq. (3), it can be expressed as

jj~FT

z ðfkÞ~wFi;j
jj2 � Ci;jðfkÞ � 0; (23)

which is convex because it is the L2 norm of a vector

obtained by linear transforms of the variables.21

3. Summary of convexified problem

The convex formulation of designing constrained opti-

mal multi-channel ANC filter can be constructed by using

Eq. (20) as objective function and Eqs. (18), (21), (22), (23)

as constraints,

min
wF

: ~wT
XNf

k¼1

AJðfkÞ

0
@

1
A~w þX

Nf

k¼1

~b
T

J ðfkÞ~w;

s:t:max k
As þ AH

s

2

� 	� 	
� ð1� �sÞ � 0; for all fk;

~wT
AJðfkÞ~w þ~b

T

J ðfkÞ~w þ ~cJðfkÞ � 0; for all fk;

max r Asð Þð ÞBðfkÞ � 1 � 0; for all fk;

jj~FT

z ðfkÞ~wFi;j
jj2 � Ci;jðfkÞ � 0; for all fk; i; and j:

(24)
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Because of the convexity, a global optimal solution of this

optimization problem Eq. (24) can always be found by using

a gradient-based algorithm.21 This simplified convex formu-

lation Eq. (24) can also provide useful insights into ANC

system design. For example, if no constraints are applied, it

is usually preferred that the Hessian of objective function is

strictly positive-definite, so that the global minimum is

unique and the convergence rate of optimization algorithm

is fast.21 If the Hessian matrix of the objective is singular,

the resulting optimal filter coefficients may not be unique

and tend to be unnecessarily large without proper further

constraints. By observing Hessian matrix of J0 [i.e.,

2+Nf

k¼1
AJðfkÞ], the strict positive definiteness preference

implies that it is preferred to have (1) the number of fre-

quencies in the objective function larger than the number of

filter coefficients (since AJðfkÞ is rank-one matrix), (2) dif-

ferent channels of reference signals being uncorrelated and

having similar power (i.e., Sxx is close to identity), (3) the

number of secondary sources being no larger than the num-

ber of error sensors [otherwise GH
e ðfkÞGeðfkÞ will be singu-

lar]. However, even if the above-mentioned conditions are

not satisfied, with the help of constraints in Eqs. (18), (21),

(22), and (23), appropriate control filters can still be found

by the proposed method.

Some convex toolboxes can be used to solve this prob-

lem Eq. (24), e.g., the CVX toolbox.23,24 This toolbox refor-

mulates the general disciplined convex optimization

problem into a cone programming problem and use cone

programming solvers to solve it. To save the time on refor-

mulation in CVX toolbox, this reformulation to cone pro-

gramming can also be done analytically and use cone

programming solvers directly, e.g., SDPT3,25–27

SeDuMi,28,29 or MOSEK,30 where primal-dual interior-point

methods designed specifically for cone programming is

implemented. Those algorithms can process non-

differentiable constraints in Eq. (24) efficiently. In the cur-

rent work, the cone programming reformulation is carried

out analytically using in a standard procedure18,19,21,28 and

implemented by a direct coding of the analytically reformu-

lated expressions into the proper interface format to call a

cone programming solver. No automatic reformulation

tools, such as the CVX toolbox, are used in this work.

A flow chart showing the procedure of implementing

the traditional H2=H1 method and the proposed method is

shown in Fig. 2. Compared with the traditional H2=H1
method, the proposed method does not significantly compli-

cate the implementation procedure.

III. EXPERIMENTAL RESULTS

A. Description of experimental condition

An experiment was carried out to investigate the pro-

posed method, which is an ANC system installed on the

wind channel of a central air handling system. There are two

speakers (served as secondary sources), four reference

microphones and four error microphones in this system. The

experimental setup as well as individual components are

shown in Fig. 3. The key dimensions of the components are

shown in Fig. 4. A non-adaptive controller is designed and

implemented in the experiment using measured system char-

acteristics under a nominal operating condition. Different

number of channels will be selected to investigate the ANC

performance dependence on channel counts. For conve-

nience, the terminology “xNryNszNe case” is used in this

paper to denote a study case with x reference microphones,

y control speakers, and z error microphones. In this section,

“regularization parameters method” refers to the method

using Eq. (2), “traditional H2=H1 method” refers to the

method using Eq. (10), and “proposed method” refers to the

method using convex formulation Eq. (24).

When acquiring measurement data, the sampling rate of

data acquisition system is 48 kHz. Two million sampling

points for each channel were acquired for calculating the

correlation matrices and frequency responses, where a ham-

ming window of 48 000 points is used for averaging with

50% overlapping (83 times averages).

B. Comparison of regularization parameters method
and proposed method

In this subsection, noise control performance of con-

strained control filters designed by regularization parameters

method and proposed method is compared. Disturbance

enhancement and robust stability constraint are particularly

focused on. For regularization parameters, the parameter b

FIG. 2. (Color online) A flow chart showing the procedure of implementing the traditional H2=H1 method and the proposed method.
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in Eq. (2) is gradually increased from zero to an appropriate

value such that all constraints are satisfied. For the proposed

method, constraints are directly specified in the convex opti-

mization formulation Eq. (24) and no parameter tuning is

needed. This also indicates the better robustness in imple-

menting the proposed method, the same problem formula-

tion can be applied to a wide range of applications without

additional tuning effort from users. In Figs. 5(a) and 5(c),

“ANC OFF” denotes the sound pressure power spectral den-

sity function (PSD) of original primary sound disturbance

signals averaged among all the error microphones.

“Normalized PSD” is the ratio of the sensor averaged PSD

when ANC system is in operation to the primary noise PSD

first averaged among error sensors and then averaged over

the whole frequency band when ANC system is turned off.

System stability behavior shown in Figs. 5(b) and 5(d) is

investigated by checking the maximum real part of eigen-

value of open loop responses matrix �WxðfkÞĜs0
ðfkÞ. Thus,

when they are all smaller than 1 across all frequencies, the

control filters are considered to be internally stable. The sta-

bility constraint limit (black dot line) is set to be 0.9 to

ensure strict stability.

In Fig. 5, the 4Nr2Ns4Ne case is considered. From Fig.

5(b) where a sampling rate of 3000 Hz is used, when b is

higher than or equal to 0.02, the stability constraint is satis-

fied (i.e., the open-loop frequency response is below the sta-

bility constraint limit). The control filter design by the

proposed method is also stable. From Fig. 5(d), a case with

8000 Hz sampling rate, system stability requirement is satis-

fied when b is higher than or equal to 0.3. Similarly, the

FIG. 3. (Color online) The picture of the experimental setup and individual components.

FIG. 4. (Color online) The dimensions in the experiment setup (unit: mm).
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control filter design by the proposed method is stable. By

comparing the open-loop frequency response of filters

designed by the regularization method and the proposed

method, there are some frequency bands where filter

designed by the regularization method is noticeably lower

than (farther away from the constraint limit) that designed

by the proposed method. This suggests an over satisfaction

of stability constraint when the regularization method is

used, which can lead to a degradation of ANC performance.

This negative influence on ANC performance can be seen in

the results shown in Figs. 5(a) and 5(c). Overall, it is clear

that, if a strong acoustic feedback path exists and stability

constraints needs to be satisfied, the proposed method can

achieve better noise control performance than traditional

regularization parameter method.

C. Comparison of traditional H2=H‘ method and
proposed method

1. Comparison of computational efficiency

The computational efficiency of traditional H2=H1 for-

mulation and proposed convex formulation are compared

with the same set of frequencies chosen for objective

function and constraints. In this comparison study, the sam-

pling rate is set to be 8000 Hz, the desired noise deduction

frequency range is specified to be from 100 to 3400 Hz. In

this range, 826 equally spaced frequency points are used in

calculating the total energy of error signals, i.e., Nf¼ 826 in

the objective functions in Eqs. (10) and (24). Also, 166

equally spaced frequency points are used in the disturbance

enhancement constraints (limited to a maximum enhance-

ment of 3 dB); 111 equally spaced frequency points are used

in the stability constraints; 67 equally spaced frequency

points are used in robustness constraints. There are 81 fre-

quency points in filter response magnitude constraints that

covers the frequency band of below 100 Hz and above

3400 Hz to improve the numerical performance and to sat-

isfy the speaker linear response requirement as mentioned in

Sec. II A. In the filter design process, the computing plat-

form used in the current work is personal computer with an

Intel(R) Core(TM) i7–7700 CPU @ 3.60 GHz, and the

numerical algorithms are implemented in a MATLAB platform

installed on Windows 10 64-bit operating system. It is noted

that when using the proposed method [Eq. (24)], it is analyt-

ically formulated in a cone programming format18,19 and

SeDuMi28 solver is used.

FIG. 5. (Color online) The comparison of regularization parameters method and proposed method using FIR order of 128 in each channel of 4Nr2Ns4Ne

case for (a) noise control performance for 3000 Hz sampling rate, (b) stability behavior for 3000 Hz sampling rate, (c) noise control performance for

8000 Hz sampling rate, (d) stability behavior for 8000 Hz sampling rate.
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The computational time required to solve the optimiza-

tion problems is listed in Table. I. In the 4Nr2Ns4Ne case, no

computational time is presented for the traditional H2=H1
formulation when the order of the FIR ANC filter in each

channel is larger than or equal to 32 (the required computa-

tional time for the traditional method is over several days)

and there is no clear indication of achieving a convergence

even for a local minimum. It is shown in Table I that, com-

pared with traditional method, the proposed convex formu-

lation has a significantly higher computational efficiency.

Even for relatively low filter orders (e.g., an order of 16),

the computational time is reduced from tens of hours to sev-

eral seconds. If a high filter order is used to obtain a reason-

able ANC performance in practice, e.g., an order 64 or 128,

where solving the traditional H2=H1 formulation is imprac-

tical, the computation for the proposed formulation only

takes less than half a minute for the filter order of 64 and

less than two minutes for the filter order of 128.

The fact that, even for a long FIR length (Nt¼ 128), the

computation of designing a control filter with eight channels

for this air-handling system can still be updated within two

minutes suggests that the proposed H2=H1 framework has

the potential to be applied to a much wider practical applica-

tions than the non-adaptive situations studied in related pre-

vious literature. Because for variable speed HVAC

equipment, equipment speed is usually not changed within

several minutes. However, if the traditional formulation is

employed, even for a short length (Nt¼ 16), it takes more

than one day to update all control filters once which cannot

follow the time varying changing of the equipment operat-

ing condition. Another practical advantage brought by the

improvement of computational efficiency is that, even for a

non-adaptive ANC system, it can accelerate the product

development cycle in the commercialization of this ANC

technique, since many product prototypes involve a large

number of engineering iterations and the design problem

will be solved multiple times.

2. Comparison of noise control performance

Besides significant improvement in computational time,

the proposed method is also more reliable compared with

the traditional method, i.e., it is less likely to encounter

numerical issues. First, because the proposed method uses a

convex formulation, a global optimal solution can always be

found. The algorithm for convex problem can handle non-

differentiable ANC constraint functions in a rigorous way,

while the gradient can only be estimated by finite difference

method if algorithms similar to SQP are used, which may

cause numerical instability. Moreover, sometimes, SQP

does not converge even to a local minimum solution before

it terminates at a sufficiently large maximum iterations, or a

sufficiently small step length, which could require further

user intervention in actual implementation.

The case where both traditional and proposed method

converge to satisfactory result is shown in Figs. 6(a) and

6(b). It is shown that the proposed method can achieve a

noise control performance similar to the traditional method,

which suggests that the replacement of the non-convex sta-

bility constraint in traditional formulation with a more

restrictive convex stability constraint does not produce any

noticeable influence on the final noise control performance.

This confirms that the use of the stability constraint relaxa-

tion approach in the convexification process is appropriate.

The advantage of the proposed method is significant

when the case becomes more complicated, e.g., when the

order of the FIR filter in each channel becomes higher. In

Figs. 6(c) and 6(d), a case where the traditional formulation

solved by SQP is not satisfactory is presented. In this case,

the final step size of SQP is smaller than 10�6 which is usu-

ally considered as an achievement of a converged solution,

however, when compared with the resulting performance of

the proposed method, the traditional method does not have

satisfactory noise control performance and the stability con-

straint is not satisfied. In contrast, the proposed method still

achieves satisfactory noise control performance and satisfies

required constraints. In fact, the proposed method can still

achieve satisfactory noise control performance while satisfy-

ing constraints for even higher filter orders, which is shown

in Fig. 7.

D. Other characteristics of the proposed method

It is pointed out in Sec. II B 2 that the proposed formula-

tion will result in a problem complexity that is independent

of the number of frequency points used in the objective

function. To confirm this, the set of data for a 4Nr2Ns4Ne

configuration was used to test the required time for the pro-

posed method when the frequency resolution in the objec-

tive function varies. In this test, the FIR filter order is

chosen to be 128. The results are listed in Table II. Instead

of showing the total time required for solving the optimiza-

tion problem, Table II shows two parts of the total time sep-

arately. The column “Solving time” denotes the time spent

in solving the cone programming problem reformulated

from the convex optimization formulation described in Eq.

(24). It is demonstrated that as the number of frequency

points used in the objective function increases, the time

required for solving the optimization problem remains rela-

tively the same. “Constructing time” is the preprocessing

TABLE I. Computation time of different problem sizes using different for-

mulation methods.

System Nt Traditional method Proposed method

2Nr2Ns2Ne 4 1:78� 102 s 1.22 s

2Nr2Ns2Ne 8 4:79� 103 s 1.42 s

2Nr2Ns2Ne 16 1:75� 104 s 1.38 s

2Nr2Ns2Ne 32 3:37� 104 s 2.43 s

4Nr2Ns4Ne 4 1:37� 103 s 1.58 s

4Nr2Ns4Ne 8 3:24� 104 s 2.08 s

4Nr2Ns4Ne 16 9:52� 104 s 2.26 s

4Nr2Ns4Ne 32 6.17 s

4Nr2Ns4Ne 64 22.58 s

4Nr2Ns4Ne 128 94.44 s
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time required for processing measured data to be in the

SeDuMi interface format. It is reasonable that the construct-

ing time increases as the increase in frequency resolution

used in the objective function (i.e., more data is used).

The practical advantage of this property is that the choice of

frequency interval for objective function can be sufficiently

small to ensure the overall performance without increasing

the solving time significantly.

The number of iterations of more choices of filter

lengths with the same setting of constraints are listed in

Table III. In practice, the number of iterations usually does

not change significantly with the increase in problem size

and is usually within 100 iterations,21 which can be demon-

strated from results in Table III. The increase in required

solving time with the increase in problem size is mainly

from the increase in the calculation time in each iteration.

This relatively fixed number of iterations in the numerical

solving process is also one important reason why the

FIG. 6. (Color online) The comparison of traditional H2=H1 method and proposed convex method of 4Nr2Ns4Ne case in 8000 Hz sampling rate for (a) noise

control performance of FIR order of 8 in each channel, (b) stability behavior of FIR order of 8 in each channel, (c) noise control performance of FIR order

of 16 in each channel, (d) stability behavior of FIR order of 16 in each channel.

FIG. 7. (Color online) Comparison of ANC performance of the

“4Nr2Ns4Ne” system with different choices of filter order Nt designed by

proposed method.

TABLE II. Computation time of different number of frequency points used

in objective function by using proposed method when FIR filter order is 128.

Number of frequencies Solving time Constructing time

195 84.61 s 3.37 s

413 84.10 s 4.76 s

826 87.07 s 7.38 s

1651 84.08 s 12.76 s

3302 84.56 s 23.55 s
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proposed method is more reliable. The small number of iter-

ations makes the convergence time more predictable, which,

from a practical point of view, there is a fixed adaptation

rate if this method is used in adaptive control via continuous

repeating the filter design process. Thus, it is easy to judge

the practical applicability of the proposed method for a spe-

cific situation where the time-varying rate of signal charac-

teristics can be estimated.

IV. CONCLUSION

In this article, a convex formulation for designing con-

strained optimal multi-channel ANC filter is proposed. The

traditional H2=H1 framework is relaxed to a convex prob-

lem by replacing the non-convex stability constraint func-

tion with its convex upper bound, which is still less

conservative compared with other convex stability con-

straints used in previous studies. The objective function and

other constraint functions are greatly simplified to com-

monly used convex functions. Thus, efficient algorithms can

be applied to solve this problem through a further reformula-

tion to an equivalent cone programming problem.

Compared with commonly used regularization parame-

ters method to ensure the satisfaction of constraints, the pro-

posed method can achieve better noise control performance,

especially when the system is complicated (e.g., systems

with multiple channels, strong acoustic feedback path, high

sampling rate, etc.).

Compared with the traditional H2=H1 method, the pro-

posed method is more reliable because the global minimum

can always be found and the required number of iterations

in the numerical solving process is relatively small and inde-

pendent of the filter order. Finer frequency resolution in the

cost function can be chosen without significantly increasing

the required solving time. The computational time can be

reduced from the order of hours to seconds, which can sig-

nificantly accelerate the commercialized product develop-

ment cycle. With all these benefits, the proposed method

allows the use of H2=H1 control framework to a wider

range of practical applications.
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APPENDIX

The reformulation of simplifying Eq. (5) is presented

here. For brevity, fk is ignored from the formulation. First,

considered the trace of GeWxSxxWH
x GH

e . It can be expressed

as a Frobenius inner product by using vectorization operator,

vec(), which converts a matrix to a vector by stacking the

columns,22

tr GeWxSxxWH
x GH

e

� �
¼ vecðWH

x GH
e Þ

H
vecðSxxWH

x GH
e Þ: (A1)

Then, use the relation between vec() and the Kronecker

product: vecðABÞ ¼ ðI� AÞvecðBÞ ¼ ðBT � IÞvecðAÞ,
where � denotes the Kronecker product of two matrices.

Equation (A1) can be reformulated as

vecðWT
x Þ

TðGT
e � INr

ÞðINe
� SxxÞðG�e � INr

ÞvecðWH
x Þ: (A2)

Note that Eq. (A2) can be further simplified using mixed-

product property of Kronecker product: ðA� BÞðC� DÞ
¼ ðACÞ � ðBDÞ,

vecðWT
x Þ

TððGH
e GeÞT � SxxÞvecðWH

x Þ: (A3)

Since Eq. (A3) is a scalar, taking a transpose of Eq. (A3)

will result in the same value. Thus, Eq. (A3) equals

vecðWT
x Þ

HðGH
e Ge � ST

xxÞvecðWT
x Þ: (A4)

If coefficients of control filters ~wF is rearranged as the order

in ~w in Eq. (19), then we have

vecðWT
x Þ ¼ ðINs

� INr
�~FT

z Þ~w: (A5)

By using Eq. (A5) and those Kronecker product properties

mentioned above, Eq. (A4) can be finally simplified as

~wT
GH

e Ge

� �
� ST

xx � F�z
~F

T

z

� �
~w: (A6)

Since ~w is a real-valued vector, Eq. (A6) can be simplified

as

~wT< GH
e Ge

� �
� ST

xx � F�z
~F

T

z

� �� �
~w: (A7)

In a similar way of rearranging Eqs. (A1)–(A6), we have

tr GeWxSxde½ � ¼ vec Sxde
Geð Þ �~Fz

� �T

~w: (A8)

Considering that Eq. (A8) is a scalar, we have

tr GeWxSxde
þSH

xde
WH

x GH
e

h i
¼ 2< vec Sxde

Geð Þ�~Fz

� �� �T

~w:

(A9)

Then, Eq. (5) is simplified to the standard quadratic form in

Eq. (19).
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