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Abstract

The least-mean-square (LMS) algorithm is widely used in active noise control
(ANC) systems due to its simplicity and adaptability. However, in multi-
channel broadband applications, its convergence rate is often limited by cor-
relations among reference signals and coupling within the secondary path
responses. Previous efforts to accelerate convergence have introduced pre-
conditioning filters based on singular value decomposition (SVD), aiming to
decorrelate reference signals and decouple plant responses. While effective
in some cases, these SVD-based filters are typically non-causal and require
introducing additional delay. Thus, they are unsuitable for real-time ANC
systems, where latency must be minimized. This work proposes a causal mul-
tichannel preconditioning filter design approach using spectral factorization
of the reference signal cross-spectral matrix and a minimum-phase/all-pass
decomposition of the secondary path. The approach leverages a numerically
robust algorithm based on discrete-time Riccati equations to ensure causality
without requiring additional delays. Simulation results demonstrate that the
proposed filters substantially improve both the convergence speed and noise
reduction performance of the LMS algorithm in real-time ANC applications.
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minimum phase filter, all-pass filter.

1. Introduction

Active noise control (ANC) technology has seen substantial progress in
recent decades. It has been deployed successfully in a variety of commercial
applications, including vehicle cabins [1, 2], consumer headphones [3, 4, 5],
headrest-integrated systems [6, 7], and open windows [8, 9].

The least-mean-square (LMS) algorithm is among the most widely adopted
adaptive filtering techniques. Besides active noise control (ANC) [10, 11], the
LMS algorithm has found applications in various fields such as speech analy-
sis [12, 13], cross-talk cancellation [14, 15], and adaptive equalization [16, 17]
owing to its simplicity and effectiveness. Despite these advantages, one of
the main drawbacks of the LMS algorithm in multiple-input-multiple-output
(MIMO) systems is its slow convergence, particularly when broadband sig-
nals are involved [18, 19]. The filter adaptation speed is a key consideration
for real-life applications with time-varying environments or systems [19], such
as variable-speed HVAC equipment [20]. Prior research has extensively ex-
plored the convergence behavior of MIMO LMS algorithms [11, 21], and most
studies agree that the sluggish convergence in ANC systems is mainly caused
by two factors: the correlation between reference signals and the coupling
between input-output channel pairs in the secondary path, which refers to
the response from control sources to error microphones.

To address this challenge, Douglas et al. proposed a self-whitening algo-
rithm that adaptively filters the reference signals prior to feeding them into
the LMS algorithm [22]. Building on this concept, Bai and Elliott intro-
duced a preconditioning approach that leverages singular value decomposi-
tion (SVD) to decorrelate the reference signals and decouple the secondary
path responses [23]. While this SVD-based method effectively enhances con-
vergence, it produces non-causal preconditioning filters. To ensure causality,
artificial delays must be manually incorporated, which restricts its practical-
ity to applications where system delays have minimal impact, such as spatial
audio. However, in real-time ANC systems, where noise attenuation perfor-
mance is highly sensitive to delay [24], this limitation becomes a significant
obstacle.

An alternative strategy to avoid introducing extra delay is to employ
spectral factorization on the estimated cross-spectral density matrix of the
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reference signals, which yields a minimum-phase matrix. The inverse of this
matrix can serve as a causal prewhitening filter. Similarly, the frequency
response matrix of the secondary path can be decomposed into minimum-
phase and all-pass components, which can be used to eliminate inter-channel
coupling. The key advantage of this method is that it generates causal pre-
conditioning filters with minimal delay without the need for delay adjust-
ments. However, for general MIMO systems with broadband signals, no
numerically stable algorithms had been available for performing this decom-
position, limiting prior applications to relatively simple systems where the
minimum-phase/all-pass decomposition could be derived analytically or by
observation [21]. As a result, this approach has not yet been applied in
real-time ANC scenarios involving practical broadband reference signals and
complex secondary path models.

One major challenge in applying minimum-phase decomposition to MIMO
preconditioning lies in the mathematical complexity: both the cross-spectral
matrix of the reference signals and the secondary path frequency response
matrix must first be approximated by high-order polynomials or rational
functions in the z-domain. Performing accurate minimum-phase decomposi-
tion on these high-order matrices is computationally intensive and numeri-
cally sensitive. The problem of spectral factorization has been studied exten-
sively by both signal processing and mathematical communities. For single-
input-single-output (SISO) systems, zeros outside the unit circle are simply
reflected inward during decomposition. However, this method becomes unre-
liable for high-order polynomials, where numerical errors can prevent accu-
rate root calculation [25, 26, 27]. Following Wiener’s foundational introduc-
tion of spectral factorization [28], alternative algorithms have been developed
that do not require root solving, as summarized in [29], offering more robust
solutions for high-order SISO systems. Additionally, the minimum-phase
component of the power spectral density can be computed directly in the
cepstrum domain, bypassing explicit polynomial modeling altogether [11].

For MIMO systems, Wiener later extended the spectral factorization con-
cept to multivariate cases [30], though the mathematical complexity increases
substantially compared to SISO systems. One of the earliest constructive so-
lutions for MIMO spectral factorization was proposed by Youla, who utilized
the Smith canonical form of polynomial matrices [31]. Nevertheless, Youla’s
method proves to be computationally intensive and difficult to apply when
matrix orders are large. Building on Wiener’s and Youla’s contributions,
various algorithms for MIMO spectral factorization have since been devel-
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Figure 1: Filtered-reference LMS algorithm.

oped and summarized in [32]. More recently, efforts have been made to
reduce the computational cost of these factorizations [33, 34, 35]. Among
these advancements, the family of methods based on solving Riccati equa-
tions, as summarized by Kailath [36], offers particular advantages thanks
to its structured formulation and the availability of efficient algorithms for
solving discrete-time algebraic Riccati equations (DARE) [37]. This state-
space-based approach also enables a smooth extension from SISO to MIMO
systems, leveraging the theoretical framework established by Kalman [38].

In this study, a new method is presented for designing causal precondition-
ing filters for both the reference signals and the secondary path in a real-time
MIMO ANC system. This approach is based on performing spectral factor-
ization by solving discrete-time Riccati equations, followed by time-domain
conversion of the resulting filters. These filters are then incorporated into the
filtered-reference LMS (FxLMS) algorithm to enhance its convergence rate
during adaptive learning. Both simulation and experiment were implemented
to demonstrate the effectiveness of the proposed method.

2. Theory

2.1. Review of Filtered-reference LMS algorithm

Figure 1 shows a standard FxLMS algorithm. The discrete-time reference
signals collected by K sensors are

x(n) = [x1(n) ... xK(n)]
T , (1)
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Figure 2: Active noise control system using preconditioned Filtered-reference LMS algo-
rithm.

where n is the time index. The x(n) is filtered by a K-input-M -output ANC
filter to generate M control signals y(n):

y(n) = [y1(n) ... yM(n)]T . (2)

The control signal y(n) is used as the input to the secondary path G(z). The
secondary path response is described using an L×M matrix G(z) where L
is the number of error microphones. G(z) includes the responses of speakers
and microphones, analog and digital pre-processing effects, and the acoustic
propagation effect.

When the ANC system is not activated, the L disturbance signals can be
expressed by

d = [d1(n) ... dL(n)]
T . (3)

After the ANC system is activated, the error signal vector can be represented
as

e = [e1(n) ... eL(n)]
T , (4)

whose power is to be minimized for the most optimal ANC filter design.
The adaptation rule for one of the most common adaptive ANC algorithms,
FxLMS, can be written as

wmk(n+ 1) = wmk(n)− µ

L∑
l=1

[el(n)rlmk(n)], (5)

where wmk is the impulse response of the ANC filter W(z). rlmk is the
discrete convolution result of the modeled plant impulse responses and the
reference signals (thus, filtered-reference), which is expressed as

rlmk(n) =
J−1∑
j=0

ĝlmj(n)xk(n− j), (6)
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where ĝlmj is the impulse response of the modeled secondary path, Ĝ(z) with
the m-th control signal, the l-th output channel at the j-th time sample.

The convergence rate of multichannel LMS algorithms suffers from the
correlation of reference signals and the coupling of the plant responses. The
problem can be resolved in [23] by adding two preconditioning filters into
the LMS system, which can be obtained by applying singular value decom-
position to the cross spectral density matrix of the reference signals Sxx(f)
and the plant response matrix G(f). However, carefully chosen delays must
be applied to the two preconditioning filters since the filters derived from
the singular value decomposition are not necessarily causal, which can be an
issue in real-time ANC applications and other delay-sensitive applications.

2.2. Causal multichannel preconditioning filters for FxLMS algorithms

To apply the preconditioning filtering method in real-world ANC systems
and improve the convergence rate of the FxLMS algorithm, it is essential to
design causal preconditioning filters with minimal delay. A schematic of an
FxLMS system incorporating such causal preconditioning filters is shown in
Fig. 2. In this approach, the matrix F(z), derived from the cross-spectral
density matrix of the reference signals Sxx(z), is designed as a minimum-
phase system. The process of obtaining F(z) from Sxx(z) is known as spectral
factorization and is expressed as

Sxx(z) = F(z)FT(1/z), (7)

where,
Sxx(z) = E[x(z)xT(1/z)], (8)

x(z) is the z transformed references signals x(n), and E is the expectation
operator. Through spectral factorization, the reference signals x(n) can be
viewed as the output of uncorrelated white noise signals v(n), each with unit
power, passed through a minimum-phase shaping filter F(z) [11], i.e.,

x(z) = F(z)v(z). (9)

It is worth noting that the cross-spectral density matrix of the white noise
signals v(n) is Svv(z) = IK , where IK denotes the K ×K identity matrix.

Since F(z) is both causal and minimum-phase, its inverse F−1(z) also
shares these properties. The reference signals can therefore be whitened
using F−1(z) as

v(z) = F−1(z)x(z), (10)
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where F−1(z) represents the inverse system of F(z). The whitened reference
signals v(z) can then serve as the new inputs for the FxLMS algorithm. Since
these signals are uncorrelated, the convergence rate is significantly improved.
This improvement is primarily attributed to the reduced eigenvalue spread
of the reference signal’s auto-correlation matrix [11].

For the secondary path responses G(z), it can be decomposed into an
M ×M minimum phase filter matrix Gmin(z) and the L×M all-pass filter
matrix Gall(z):

G(z) = Gall(z)Gmin(z). (11)

Note that the all-pass filter matrix satisfies the conditionGT
all(z)Gall(z) = IM .

In the proposed FxLMS algorithm (referred to hereafter as ”the proposed
LMS”), the filter coefficients are updated using the same form as Eq. 5. The
only difference is that, instead of the original reference signals filtered by
G(z), the algorithm uses a new set of filtered reference signals, computed as

rlmk(n) =
J−1∑
j=0

gall,lmjvk(n− j), (12)

where gall,lmj is the lmj-th entry of the all-pass component in the time do-
main, and vk is the k-th signal of the whitened reference signal. Similar to
Eq. 7, the all-pass component and the minimum phase component of the
G(z) matrix can be obtained by performing spectral factorization to matrix
GH(z)G(z). The details of the decomposition process will be discussed in
Sec. 2.3.

The above mentioned preconditioning process depends on a convenient
and numerically stable algorithm to perform the spectral factorization of
Sxx(z) and the minimum phase/all-pass decomposition of G(z). A simple
decomposition example was given by Elliot [21] for two pink noise reference
signals and simple secondary path response functions obtained from a free
field sound propagation model, where the spectral factorization and the min-
imum phase/all-pass decomposition can be accomplished via observation.
For more complicated reference signals and secondary path responses, which
are very common for broadband multi-channel ANC applications, these two
types of decomposition cannot be performed easily. However, with the de-
composition algorithm in state-space representation and advances in recent
years in solving discrete Riccati equations, the preconditioning filter design
becomes practically feasible for complicated broadband sound sources and
plant responses.
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2.3. Realization of spectral factorization and minimum phase/ all-pass de-
composition

The numerical algorithm used in the proposed work to perform the spec-
tral factorization and the minimum phase/ all-pass decomposition requires
both the cross spectral density matrix, Sxx(z), and the plant response ma-
trix, G(z) to be in a polynomial form. The polynomial representations of
these two matrices can be obtained through a system identification process
described in Section 2.4. In this subsection, numerical methods to perform
each decomposition is introduced under the assumption that polynomial rep-
resentations of Sxx(z) and G(z) are already found.

The cross spectral density matrix Sxx(z) can be expressed as a polynomial
matrix of order q as

Sxx(z) =

q∑
i=−q

Riz
−i, (13)

where Ri is a constant matrix with the same dimension as Sxx(z). If the
polynomial matrix Sxx(z) satisfies the following conditions:

1. Sxx(z) = ST
xx(1/z); (The property is sometimes named as paraconju-

gate or Hermitian symmetric by different authors)

2. Sxx(z) must be analytic and positive definite on the unit circle;

then a canonical spectral factorization F(z) must exist. Besides, the matrix
F(z) can be proved to be unique up to a constant right unitary multiplier
[33, 34]. These two conditions are satisfied by broadband reference signals
in practical ANC applications, so it is assumed in the study that a spectral
factorization decomposition of reference Sxx(z) always exists.

It is worth mentioning that for a single-input-single-output system, the
spectral factorisation can be calculated in the discrete frequency domain by
using a cepstral method involving a discrete Hilbert transform [39, 11]. The
expression for discrete version of F(z) is

F(kf ) = exp{FFT[c(n)IFFT · ln(Sxx(kf ))]}, (14)

where FFT and IFFT are the discrete Fourier transform and inverse discrete
Fourier transform, respectively. The causality constraint is given by c(n) = 0
for n < 0, c(n) = 1 for n > 0 and c(0) = 1

2
, and kf is the discrete frequency

index. An obvious disadvantage of the method is that it is only applicable
to a single-channel reference signal.
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Several algorithms have been derived for multi-channel Sxx(z) both in the
continuous s domain and discrete z domain [31, 40, 33, 36, 34]. A method
relying on solving for the stable solution of the discrete algebraic Riccati
equation [36] is chosen for this study after comparing the speed, accuracy, and
convenience in implementation for different spectral factorization approaches.

The steps of the numerical method for spectral factor decomposition used
in the current work are briefly outlined here, more detailed explanations of
this method can be found in [32]. The method is based on the theoretical
result that, for a polynomial matrix Sxx(z) as described in Eq. 13, the de-
composition expressed in Eq. 7 can be written into an equivalent expression
as

Sxx(z) = L(z)ReL
T (1/z), (15)

where Re is a symmetric constant positive definite matrix and L(z) is a
minimum phase system defined with an expression

L(z) = IK + L1z
−1 + ......+ Lqz

−q = IK +

q∑
i=1

Liz
−i. (16)

It should be noted that although Sxx(z) is expressed as a polynomial ma-
trix here, spectral factorization also exist for non-polynomial functions if it
satisfies a finite-power and Paley-Wiener condition [29]. However, only the
polynomial form of Sxx(z) is considered in this study.

Obtaining the minimum phase spectral factor matrix F(z) is now equiv-
alent to solving for the coefficients matrices Li and the constant matrix Re

in Eq. 15 and Eq. 16. The two sets of coefficient matrices can be calculated
with a three-step procedure:

1. Define the following matrices C,h, N̄.
The expression of C is

C =


0K

IK 0K

... ...
IK 0K

 , (17)

where 0K is a zero valued matrix of size K×K and the dimension of C
is Kq ×Kq. It should be noted that each entry of matrix C is a block
of size K ×K instead of a scalar for multichannel reference signals.
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The expression of h is simply

h =
[
0K 0K ... 0K IK

]
, (18)

where the total length of h is K × q.
The N̄ matrix is defined as

N̄ =


Rq

Rq−1

...
R1

 , (19)

where each entry is also a K ×K matrix and is defined in Eq. 13.

2. Solve the stabilizing solution Σ of the discrete algebraic Riccati equa-
tion:

Σ = CΣCH − (CΣhH − N̄)(hΣhH −R0)
−1(CΣhH − N̄)H (20)

such that the matrix

Cp = C− (CΣhH − N̄)(hΣhH −R0)
−1h (21)

has all its eigenvalues strictly inside the unit circle. The H superscrip-
tion is the Hermitian operator. In this study, Eq. 20 is solved with the
method of invariant subspace [41].

3. Then the required constant matrix Re and the coefficients matrices Li

in Eq. 15 can be obtained as:

Re = R0 − hΣhH, g = (N̄−CΣhH)R−1
e , (22)

where g contains the coefficient matrices Li with i = 1 to q, and its
expression is

g =


Lq

Lq−1

...
L1

 . (23)

In a similar way, the minimum-phase and all-pass decomposition of the plant
response matrix G can be obtained by applying spectral factorization to the
para-conjugate matrix:

GH(z)G(z) = GH
min(z)Gmin(z). (24)
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The spectral factorization of GH(z)G(z) yields the minimum-phase compo-
nent of the plant response matrix, Gmin(z). The all-pass component can then
be determined as

Gall = G(z)G−1
min(z). (25)

The expression of the Gall matrix satisfies the property of all-pass filter:

Gall(z)
HGall(z) = IL, (26)

where IL is an identity matrix with a dimension of L× L.

2.4. System identification of Sxx(z) and G(z)

The prerequisite condition for the decomposition processes described in
Sec. 2.3 is an accurate modeling of Sxx(z) and G(z)HG(z) in polynomial
matrix form as described in Eq. 13. The modeling of Sxx(z) is different from
the system identification of the plant transfer matrix, since Sxx(z) needs
to be paraconjugate and positive definite on the unit circle. To satisfy the
paraconjugate condition, a Cholesky decomposition can be applied to the
frequency domain Sxx(e

jω), which can be obtained from signal measurements.
The Cholesky decomposition can be expressed as

Sxx(e
jω) = S(ejω)SH(ejω). (27)

Then a time delay term is multiplied to the Cholesky decomposed matrix to
ensure that each entry of the S(ejω)ejω∆ matrix is causal and can be modeled
by an FIR filter with least square method or other approaches. It should be
noted that adding the delay ∆ is merely a modeling trick to construct a
polynomial matrix Sxx(z). This does not affect the causality of the derived
F(z) in subsequent steps and does not introduce any additional delay to the
ANC filter in real-time implementation. After approximating S(ejω)ejω∆ by
a polynomial matrix B(z), the cross spectral density matrix in z domain,
Sxx(z), can then be calculated by

Sxx(z) = B(z)BT(1/z). (28)

It is noted that the time delay term ejω∆ is canceled out in this process.
The G(z)HG(x) matrix can be modeled by the same approach. Then the
expression ofGmin andGall can be derived by the same spectral factorization
algorithm.
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Figure 3: Feedforward control system.

2.5. Optimal solution in the frequency domain

Since the spectral factorization technique is already available, the opti-
mum solution in the frequency domain for a stationary system can also be
obtained. The optimum solution for the causal Wiener filter for an active
noise control system can be expressed as [11]

Wopt(z) = −G−H
min{GH

allSxd(z)F
−1(z)}+F−1(z). (29)

where the + subscript suggests that only the causal component of the function
in the bracket should be kept.

Indeed, Eq. 29 can be used to obtain the optimum controller coefficient
in a stationary feedforward system described in Fig. 3. However, the opti-
mum solution is found to be much more sensitive to the modeling errors of
Sxx(z), Sxd(z) and G(z) compared with the solution obtained by the pro-
posed preconditioning FxLMS algorithm because the adaptive algorithm can
compensate the modeling error in real time.

3. Results

This section presents two parts. The first part uses simple white noise
and pink noise source models along with free-field propagation models for the
secondary path. In this case, the all-pass and minimum-phase decomposition
of the plant response can be verified through direct observation. The primary
goal of this simulation is to validate the proposed spectral factorization ap-
proach against analytical solutions for both the all-pass and minimum-phase
components. In the second part, an experimentally measured realistic plant
response is used to demonstrate that the decomposition method is applicable
to practical and more complex secondary path models.

The code used to obtain the causal and low-delay Gmin, Gall, and F−1

are available on GitHub2.

2https://github.com/Yongjie-Zhuang/Causal-preconditioning-FxLMS
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Figure 4: Different elements in the cross spectral density matrix, Svv(z), of a pink noise
and a white noise sources.

3.1. Simulation study on systems with a simple plant response

A numerical simulation is carried out to validate the key steps of the
proposed preconditioning filter design for multichannel LMS algorithms (il-
lustrated in Fig. 2) and to demonstrate the resulting improvement in conver-
gence rate. The sampling rate of the simulation, fs, is chosen to be 1 kHz.
Two independent input signals are used: a white noise sequence and an
uncorrelated pink noise sequence, represented as v(n) = [v1(n), v2(n)]

T. Dif-
ferent elements in the cross spectral density matrix of the two source signals
are shown in Fig. 4. It can be observed that the two signals are uncorrelated
because the off-diagonal term Svv(1, 2) is much smaller than diagonal terms
Svv(1, 1) and Svv(2, 2). The two sources are then combined using a mixing
filter M , defined as

M =

[
0.75 0.3
0.3 1

]
. (30)

The resulting mixed signals, x1(n) and x2(n), are then used as reference
inputs for the preconditioning LMS system.

As illustrated in Fig. 5, two error microphones are symmetrically ar-
ranged. The secondary path adopts the same transfer functions as those
used by Bai and Elliott [23], given by

G(z) =

[
z−N1 l1

l2
z−N2

l1
l2
z−N2 z−N1

]
. (31)
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Figure 5: Simulation arrangement for the preconditioning Filtered-reference LMS algo-
rithm.

Here, N1 and N2 are the nearest integer values of l1fs/c0 and l2fs/c0, re-
spectively, where l1 = 2,m and l2 = 3,m represent the distances from the
first secondary source to the first and second error microphones. The speed
of sound in the air is assumed to be c0 = 340,m/s. Due to the symmet-
ric arrangement of the secondary sources and error microphones, the matrix
G(z) is also symmetric. The disturbance signals d1(n) and d2(n) are com-
puted using the same transfer functions as in Eq. 31, but with l1 = 3,m and
l2 = 4,m.

After applying the mixing matrix, the reference signal becomes correlated.
The magnitude of each term in the Sxx matrix are shown in Fig. 6. It can
be observed that the coupling term Sxx(1, 2) is larger than Sxx(1, 1) over a
wide frequency range, which suggests the two channels are highly correlated.

The Sxx matrix in polynomial form is identified using the techniques
outlined in Sec. 2.4. The resulting Sxx(z) is then decomposed via spectral
factorization by solving the associated discrete Riccati equation, as described
in Sec. 2.3. The resulting decomposition matrix F(z) is minimum-phase,
allowing its inverse F−1(z) to serve as a causal prewhitening filter for the
reference signals.

The frequency response magnitude and the phase of each entry in F−1 is
plotted in Fig. 7. The (1, 1) term has an obvious high pass characteristic
which is to whiten the pink noise source signal. Also, the whitening filters
are different for different channels. The causality of these prewhitening filters
can be seen in the impulse response plot of F−1 shown in Fig. 8. In this
simulation, the length of the prewhitening filters is chosen to be a constant,
100. It can be observed that the filter response is zero at the end of the
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Figure 6: Power spectral density Sxx(z) of reference signals. Solid lines: calculated PSD;
Dashed lines: fitted PSD function.

Figure 7: Frequency response of the prewhitening filter F−1
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Figure 8: Impulse response of the prewhitening filter F−1

filter sequence, and all the impulse functions decays to zero quite rapidly.
Since no delay is required to satisfy the causality condition of the filter,
the prewhitening filter can be directly implemented in real time if the cross
spectral density matrix Sxx(z) of the reference signals is known or measured.
This is a key advantage compared with other prewhitening techniques, such
as the singular value decomposition based prewhitening filter [23], which
requires adding plentiful delays to make the filters causal for implementation.

The reference signals are then passed through the prewhitening filter
F−1(z), producing a new pair of signals, v̄1 and v̄2, whose power spectral
densities are shown in Fig. 9. As observed, the power levels of Sv̄v̄(1, 1) and
Sv̄v̄(2, 2) are nearly constant, indicating successful whitening. Additionally,
the off-diagonal term Sv̄v̄(1, 2) is over 10 dB lower than the diagonal elements,
further confirming that the signals are effectively decorrelated.

The next step is to eliminate the coupling in the secondary path through
a minimum-phase/all-pass decomposition. According to the procedures de-
tailed in Sec. 2.3, the minimum-phase component Gmin is first derived using
the spectral factorization method. The corresponding all-pass component
Gall(z) is then obtained from Eq. 25. In the simulation, the impulse re-
sponse of the plant response function G(z) is shown in Fig. 10, and the
impulse response of Gall(z), modeled as a FIR filter, is illustrated in Fig. 11.
It can be seen that the impulse response values of Gall(1, 1) and Gall(2, 2) are
nearly zero except at the N1th sample, consistent with the analytical result
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Figure 9: Power spectral density Sv̄v̄(z) of the filtered reference signals.

derived from observation [21]:

Gall =

[
z−N1 0
0 z−N1

]
. (32)

Similar to the prewhitening filter F−1(z), according to Eq. 25, Gall(z)
filter can be obtained from G(z) without requiring additional time delays
to be applied to the filter to satisfy the causality condition, which means it
can be used in real-time ANC applications if the secondary path is properly
modeled offline or online.

To illustrate the enhancements in ANC performance and convergence
speed achieved by the proposed preconditioning filters, the sound pressure
level at the first error microphone is displayed in Fig. 12. The curves a
through e represent the sound pressure levels (SPLs) of the disturbance sig-
nal, the error signal from the conventional LMS algorithm, the error signal
from the LMS algorithm with G−1

min and Gall applied, the error signal with
F−1 applied, and the error signal using all three filters: G−1

min, Gall, and
F−1, respectively. Each curve is averaged over 30 samples for improved clar-
ity. The response observed at the second microphone is comparable and
therefore omitted. The convergence coefficient (learning rate) µ should be
manually selected. A higher convergence coefficient results in a faster con-
vergence rate. However, a learning rate larger than the stability bound will
lead to divergence of LMS algorithm. The convergence coefficient µ in Eq. 5
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Figure 10: Impulse response of the plant response G(z).

is chosen as one-third of the minimum value that leads to instability to pro-
vide certain robustness. As shown in Fig. 12, the baseline LMS algorithm
yields the lowest performance, achieving only about 10 dB of noise reduction
after 4000 samples. With the addition of the prewhitening filter F−1, this
improves to approximately 25 dB. Introducing G−1

min and Gall alone results
in a moderate improvement of around 14 dB, marginally outperforming the
standard FxLMS algorithm. When both F−1, G−1

min, and Gall are applied,
the reduction reaches 30 dB in just 2000 samples. In this scenario, the con-
tribution of the prewhitening filter F−1 proves to be more impactful than
that of the decoupling filters Gall and G−1

min.

3.2. Study on experimentally measured system response G(z)

In the earlier simplified secondary path frequency response case, the sec-
ondary path is given based on the free-field propagation model. The re-
sults indicate that the spectral factorization method effectively performs the
minimum-phase and all-pass decomposition for this type of frequency re-
sponse. While an improvement can be observed with the inclusion of the
secondary path decomposition, the enhancement is relatively modest, likely
due to the limited coupling present in the secondary path.

In this section, an experimentally measured secondary path response is
used to investigate the proposed method. In this case, a stronger inter-
channel coupling of G(z) will allow a better illustration of the performance
of the proposed method regarding the secondary path decoupling part. The
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Figure 11: Impulse response of the all-pass component Gall(z).

Figure 12: The SPLs measured at the microphone 1 in the first case of simplified secondary
path responses. The four lines from top to bottom are: (a) when ANC system is not
activated (original noise pressure level); (b) when conventional LMS algorithm is applied;
(c) when LMS with G−1

min and Gall is applied; (d) when LMS with F−1 is applied; (e)
when LMS with F−1, G−1

min and Gall is applied.
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Figure 13: Experiment setup to measure the transfer function G(z).

experiment setup is shown in Fig. 13. Two loudspeakers are placed 15
cm away from the ears of the dummy. Two B&K 4189 microphones with
TMS426B01 preamplifiers are placed 8 cm away from the ear horizontally. In
the data acquisition stage, 25 kHz is used as the sampling frequency, and then
the frequency up to 1500 Hz is used to model the frequency response function
G(z). The measured plant response is fitted with 100 FIR coefficients as
filter G(z). The impulse responses of the four components in G are plotted
in Figure 14. It can be clearly observed that the magnitude in G(1, 1) is less
than that in G(1, 2), which implies a strong coupling among different source-
receiver pairs. Additionally, the reference signals and the disturbance signals
used in this simulation are the same as those used in the first simulation.

The minimum-phase component Gmin(z) and the all-pass component
Gall(z) are extracted from the decomposition of G(z) using the spectral
factorization approach outlined in Sec. 2.3. The corresponding impulse re-
sponses of Gall(z) and G−1

min(z) are shown in Fig. 15 and Fig. 16, respectively.
All decoupling filters are causal, and no additional delay compensation is re-
quired in their impulse responses.

A performance comparison across different FxLMS algorithm variants
is presented in Fig.17. Similarly, the learning rate µ is set to half of the
minimum value that leads to instability. The curves a through d represent
the SPLs: (a) when ANC system is not activated (original noise pressure
level); (b) when conventional LMS algorithm is applied; (c) when LMS with
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Figure 14: Impulse response of the secondary path G(z) (a 100-point FIR filter is used
for each channel pair).

Figure 15: Impulse response of Gall(z) (a 100-point FIR filter is used for each channel
pair).

21



Figure 16: Impulse response of G−1
min(z). A 100-point FIR filter is used for each channel.

G−1
min and Gall is applied; (d) when LMS with F−1 is applied; when LMS

with F−1, G−1
min and Gall is applied, respectively. In this case, the con-

ventional FxLMS algorithm fails to achieve effective noise reduction due to
the strong coupling in both the reference signals and the realistic secondary
path responses. When G−1

min(z) and Gall(z) are incorporated, a reduction
of approximately 10 dB is achieved after 4000 samples, indicating a notable
improvement in convergence. In contrast, the use of the prewhitening filter
F−1(z) alone yields negligible improvement and is therefore excluded from
the figure. When both reference and plant preconditioning filters are applied
(curve d in Fig. 17), an additional 5 dB of noise reduction is observed relative
to curve c, along with faster convergence. It is important to note, however,
that the complexity of G(z) directly influences the length of the required pre-
conditioning filters, highlighting a practical trade-off between computational
cost and convergence performance in real-world implementations.

3.3. Potential for time varying signal and plant adaptation

Although the current work focuses on the techniques for off-line design of
the preconditioning filters for active noise control, the potential of adaptively
design these preconditioning filters to accommodate time varying signals and
plants is briefly investigated here through the analysis of the computation
time required by the preconditioning filter design process. It is clarified here
that if the preconditioning filters are designed offline, the FxLMS algorithm
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Figure 17: The SPLs measured at the microphone 1 in the second case of experimentally
measured realistic secondary path responses. The four lines from top to bottom are: (a)
when ANC system is not activated (original noise pressure level); (b) when conventional
LMS algorithm is applied; (c) when LMS with G−1

min and Gall is applied; (d) when LMS
with F−1 is applied; (e) when LMS with F−1, G−1

min and Gall is applied.

can still make the active noise control adaptive to the time varying char-
acteristics of the primary path. However, adaptation potential discussed in
this subsection refers to the ability to still maintain a good prewhitening
performance if the reference signal is slowly varying in time and maintain a
good decoupling performance if the secondary path is slowly varying.

In the two simulation cases described in this work, the LMS convergence
can be reached after around 4s, and the time spent to calculate the spectral
factorization of Sxx(z) and GH(z)G(z) on a personal computer using Ryzen
3600x CPU is around 4 seconds. This means that, if sufficient computa-
tion power is available, the proposed preconditioning filter design method
can also be implemented in the ANC applications adaptively by repeating
the calculation based on updated reference signals and plant response mod-
els. For example, the preconditioning filters can be updated every 5 seconds
when this personal computer using Ryzen 3600x CPU is used, and the de-
composition can be calculated in parallel with the ANC FxLMS processing.
From this result, it can be observed that the adaptation speed of repeatedly
design the preconditioning filters is similar to the adaptation speed of the
FxLMS algorithm. This is particularly suitable for stage-wise time-varying
environments such as variable-speed HVAC equipment [20, 42].
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Figure 18: Sound pressure levels at the microphone 1 (a) and 2 (b) with primary path
suddenly changed at 10 seconds and 20 seconds. The lines from top to bottom are when
ANC system is not activated (original noise pressure level); when conventional LMS algo-
rithm is applied; when LMS with F−1, G−1

min and Gall is applied.

Finally, the robustness of the preconditioning algorithm is evaluated through
a simulation in which the primary path of the system is altered every 10 sec-
onds by moving the reference microphone one meter farther from the error
microphones at each interval in Fig. 18. The preconditioning filters are not
updated to demonstrate their robustness to the new primary path. Results
show that the preconditioning filters still enhance the convergence speed of
the LMS algorithm, despite being mismatched to the updated primary path.
Notably, at 10 seconds, the preconditioned LMS outperforms the conven-
tional LMS. However, by 30 seconds, its performance is comparable to that
of the conventional LMS, indicating that the conventional LMS could exhibit
slightly better robustness under substantial environmental changes.

4. Conclusion

This study proposes a prewhitening and preconditioning technique based
on spectral factorization to enhance the convergence and performance of
the filtered-reference LMS algorithm in real-time multichannel active noise
control applications. The method involves decomposing the cross-spectral
density matrix of the reference signals to obtain its minimum-phase spectral

24



factor by solving a discrete Riccati equation. The inverse of this spectral
factor yields a causal, minimum-phase filter that serves as a prewhitening
filter for the reference signals, enabling real-time implementation without
additional delay compensation. A similar decomposition is applied to the
secondary path to derive decoupling filters, which are also causal and delay-
free. Results demonstrate that incorporating both the prewhitening and
decoupling filters significantly accelerates convergence and improves noise
reduction performance.

Compared to existing preconditioning methods such as [23], the proposed
technique is better suited for real-life applications, as it avoids the need for
manually added delays to ensure causality. Moreover, the approach is ap-
plicable to general cases involving complex reference signals and secondary
path responses. Analysis of computational cost indicates that the decompo-
sition can be performed within a time frame comparable to the convergence
period of the LMS algorithm, allowing the filter design process to be re-
peated periodically. This makes the method suitable for slowly or stage-wise
time-varying systems, where updated measurements of reference signals and
plant models can be used to maintain effective preconditioning. In scenarios
where the plant response remains stationary, the preconditioning filters may
be computed offline in advance.

Future directions of this work include developing methods to adapt the
preconditioning filters and LMS algorithm simultaneously in real-time. Ad-
ditionally, integrating the proposed approach with frequency-domain FxLMS
algorithms—particularly those employing delayless hybrid fast filtering and
modified filtered-x structures—represents a promising direction for improving
computational efficiency [43]. Finally, the stability constraints[44] associated
with the proposed method under such extensions warrant further investiga-
tion.
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